SEQUENCE OF FUNCTIONS

1. Introduction

In this chapter we shall deal with sequences {f,,} whose terms are real-valued functions having a

common domain on the real line R.

Definition1.1. Suppose {f,} is a sequence of functions defined on S C R and suppose that,

for each x in S the real sequence {f,(z)} ( whose terms are corresponding function values) con-
verges.Then the function f: S — R defined by
f(z) = lim f,(z) ,Vz eS8

n—od

f is called the limit function or pointwise limit of the sequence {f,} and we say {f,} converges to
fonSor{f,} converges pointwise to f on S. In this case {f,} is said to be a convergent sequence
of functions on S.

The chief interest in this chapter is to determine whether or not some important properties of a
convergent sequence of functions are inherited by its limit function.

To be explicit , let us consider a convergent sequence of function on some S C R with f as its limit
function on S . we would like to deal with the following type of questions :

(i) if all the functions in {f,} are continuous at some fixed ¢ in S then is it true that f is also
continuous at ¢ 7

(i) if all the functions in {f,} are bounded on S then is it true that f is also bounded on S ?

(iii) if S = [a,b] and all the function {f,} are integrable on [a,b] then is it true that f is also
integrable on [a,b] 7 . In case f is integrable what is the relation between the sequence of integrals
{fab fn(z)dx} and f; f(x)dx ?

(iv)if S = [a,b] and all the function in{f,} are differentiable at some fixed ¢ in [a, b] then is it true
that f is also differentiable at ¢ 7 In case f is differentiable at ¢ what is the relation between {f!(c)}
and f'(c) 7

Before trying to answer these questions let us have a few examples of sequence of functions con-
verging pointwise on some subsets of R .

Examples of sequences of functions :

The following examples illustrate some of the possibilities that might arise when we form the limit

function of a sequence of functions:



Example 1: For each n € N, suppose that f,, : [0,1] — R is given by f,(x) = 2", Vx € [0, 1].
Then the limit function f of the sequence of functions {f,} on [0, 1] is given by

_J 0 ifxel0,1)
ﬂ@_{1 ifr =1

Example 2: For each n € N, suppose that f,, : R — R is given by f,(z) = m,‘v’x e R.
Then the limit function f of the sequence of functions {f,} on R is given by

_J 0 ifz e R—{0}
ﬂ@_{1 ifx =0

Example 3: For each n € N, suppose that f, : R — R is given by f,(x) = %,Vm e R.

Then the limit function f of the sequence of functions {f,} on R is given by

0 iffz[<1
flo) =975 iffz=1
1 if |z >1

Example 4: For each n € N, suppose that f,, : [0,1] — R is given by

1—na? ifzel0, -]
0 if v € (1]

Then the limit function f of the sequence of functions { f,} on [0, 1] is given by

_J 0 ifxe(0,1]
f<x)_{1 ifx=0

Example 5: For each n € N, suppose that f, : (0,1) — Ris given by f,(z) =1+z+ 2>+ -+
"V € (0,1).

Then the limit function f of the sequence of functions {f,} on (0,1) is given by f(x)= ﬁ,Vx €
(0,1).

Example 6: Let r1,rs, -+ be an enumeration of the rationals in [0, 1].Now, for each n € N, let
us define f, : [0,1] — R by

1 ifxe{r,ry - ,rn}
fn<x> = .
0 lfxE[O,]-]_{T17T27H'7TTL}



Then the limit function f of the sequence of functions { f,} on [0, 1] is given by

1 if z is rational in [0,1]
-]

0 if z is irrational in [0,1]
Example 7: For each n € N, suppose that f, : [0,1] — R is given by f,(x) = n?z(1 —2*)",Vx €
[0, 1].
Then the limit function f of the sequence of functions { f, } on [0, 1] is given by f(z) = 0,Vz € [0,1] .

Example 8: For each n € N, suppose that f, : [0,1] — R is given by f,(z) = nz(1 — 2*)",Vx €
[0, 1].
Then the limit function f of the sequence of functions { f, } on [0, 1] is given by f(z) = 0,Vz € [0,1] .

Example 9: For each n € N, suppose that f, : [0,1] — R is given by f,(x) = SI‘EZ;”,VQC € [0,1].

Then the limit function f of the sequence of functions {f,} on [0, 1] is given by f(z) = 0,Vx € [0,1] .

Example 10: For each n € N, suppose that f, : R — R is given by f,(z) = 2% + %5 HxQ +1 +
co (1+x2 —L— Vo eR.

Then the limit function f of the sequence of functions {f,} on R is given by

1+12)

) 142* ifzeR-{0}
f(x)_{o if © = 0

Observations:

Notel : In examplel, each f, is continuous at x = 1 but f is not continuous at x = 1. So
continuity at a point may not be preserved under pointwise convergence. Similar remarks can
also be made from the examples 2,3,4,6,10. However in examples 5,7,8,9 continuity is preserved
everywhere.

Note2 : Note that in example 6, each f,, is discontinuous at n points only but the limit function
becomes totally discontinuous. Clearly for each n, f,, is Riemann integrable on [0, 1] but the limit
function is not Riemann integrable on [0, 1]. So pointwise limit of a sequence of Riemann integrable
function need not be Riemann integrable.

Note3 : In example 5, each f, is bounded on (0, 1) [ Since any polynomial function on any bouded

interval is bounded | but the limit function f is unbounded on (0,1) . So, pointwise convergence



fails to preserve even boundedness on a set.

Noted : In each of example 7 and 8, each f, is a continuous function on [0, 1] and the limit
function f is also continuous on [0, 1]. So in either example, under the pointwise convergence each
of continuity at any point of [0, 1], boundedness on [0, 1] and Riemann integrability on [0, 1] are

preserved. However in Ex.7,

fo fo(x)de = n+1) — 00 as n — oo and in Ex.8, fol fo(x)dz = e 1 as n — oo whereas in
either example, fo z)dr = 0. So if {f,} is a sequence of continuous functions on [0, 1] converging

pointwise to a function f, the equality

lim fn d:v_/f

n—oo

may not be true; in fact, the limit of the integral need not be equal to the integral of the limit, even
if both are finite.
Note5 : In example 9, {f,,} is a sequence of continuous functions with continuous limit function

f on [0,1] and
lim fn )dx —/ f(x

We now state the formal definition of pointwise convergence of a sequence of function { f,}.
Definition: Let {f,} be a sequence of function defined on S,where S C R . We say that {f,}
converges pointwise to a function f on S if Vo € S and Ve > 0 there is a positive integer N such
that |f.(x) — f(x)] < e Vn > N.

In the above definition it is very important to note that N depends not only on e but also on x.To
see this let us look at the following example.

Consider Ex.1. Fix € = £.Then for each z € [0,1], 3N € N such that |f,(z) — f(z)| < : Vn > N.
If x =0 or x = 1, then the above relation is true for N = 1. However if we take z = 3 then it
10, then N =T.

This shows that N depends on the points . We now examine whether there is a positive integer N

is easy to see that the above relation is true for N = 3.Similarly if we take x =

which is independent on x.Suppose that there is a positive integer N such that the above relation
is true for all . That means z" < 1 Vn > N and Vz € [0,1).This implies that 2V < 1 (0 <z < 1).
Taking limit as ¢ — 17, we get 1 < % which is a contradiction. Thus no such N exist in this case.

We have seen that the answers to each questions (i),(ii) and (iii) posed earlier are negative. Thus
we see that pointwise convergence is usually not strong enough to transfer any of the properties viz.
continuity, boundedness, Riemann Integrability from the individual terms f,, to the limit function

f. Now we shall study a stronger type of convergence, called Uniform Convergence, that preserves



these properties.

Definition (Uniform Convergence): A sequence of functions {f,} converges uniformly to a
function f on S if Ve > 0 there is a positive integer N such that |f,(z) — f(x)| < € ¥n > N and
Vr e S.

In case {f,}converges uniformly to f on S we say that f is the uniform limit of the sequence of
functions { f,} and { f,, }is said to be uniformly convergent sequence of functions on S.

Obviously every uniformly convergent sequence of functions is pointwise convergent and uniform
limit of any uniformly convergent sequence of functions on S C R must be the pointwise limit of
the same sequence of functions on S.

Although we shall establish that uniform convergence preserves continuity,Boundedness and inte-
grability, it will also be shown that uniform convergence is not sufficient to preserve differentiability.
So, even under such stronger type of convergence answer to the question analogous to (iv) posed
earlier will remain negative.

Before dealing with these theoretical aspects let us look at few examples of convergent sequences of
functions on some subsets of R and test whether the convergence is uniform on the common domain
of the corresponding sequence of functions or not.

Example 11: For each n € N, suppose that f,, : R — R is defined by f,(z) = % Vzr € R.
Then the limit function f of this sequence of functions {f,} is given by f(z) = 0 Vo € R, for
keeping x fixed at any point of R, 0 < |f,(z)| < + — 0 as n — 0.

Now to test whether { f,} converges uniformly to f on R or not :

Let € > 0 be a given real.

Note that Vz € R, |fu(z) — f(z)| = |22 — 0] < L Vn. Let us choose N € N such that + < €.
Then Vz € R, Vn > N we have |f,(x) — f(z)| <.

Thus the sequence {f,} converges uniformly to f on R.

Example 12: For each n € N, suppose that f,, : R — R is defined by f,(z) = SZL\/%” Vzr € R.

Then as Ex.11 one can prove that the limit function f of {f,} on R is given by f(z) =0Vz € R
and moreover the sequence {f,} converges uniformly to f on R.

Example 13: For each n € N, suppose that g, : (0,1) — R is defined by g,(z) = -5 Vz € (0,1).

Then the limit function g of the sequence of functions {g,} on (0, 1) is given by g(x) = 0 Vx € (0, 1).
Now to test whether {g,} converges uniformly to g on (0,1) or not :
Let € > 0 be a given real.

Note that Yz € (0,1), |gn(z) — g(x)] = 725 < eif £ — 2 < n. Let us choose N € N such that




N>:-1
Now, Vz € (0,1), £ =1 > 1 -1,

xT

2.V € (0,1), Yn > N we have |g,(x) — g(x)| < e. Thus the sequence {g,} converges uniformly to
gon (0,1).

Example 14: For each n € N, suppose that f, : [0,,1] — R is defined by f,(z) = %5 Vz € [0, 1].

Obviously the limit function f of the sequence of functions {f,} on [0,1] is given by f(z) = 0
Vz € [0, 1].

Proceeding in a similar fashion as Ex.13 one can prove that the sequence { f,} converges uniformly
to f on (0,1]. We shall establish uniform convergence of {f,} to f on [0,1].

Let € > 0 be a given real.

By uniform convergence of {f,} to f on (0, 1] let us choose a positive integer Ny, such that | f,(x)—
f(z)| < eVx € (0,1],Vn > Nj.

Since f,(0) — f(0) as n — o0, let us choose a positive integer N, such that |f,(0) — f(0)| < €
Vn > Ns.

Set N = max{Ny, No}.

Then Vz € [0, 1], Yn > N we have | f,(z) — f(z)| < e. Thus {f,} converges uniformly to f on [0, 1].

Alternative method: To prove uniform convergence of the sequence of functions {f,} to f on [0, 1]

we shall use Ex.13 directly.
Let € > 0 be a given real.
Since by Ex.13 {f,} converges uniformly to f on (0, 1) it is possible to choose a positive integer Ny
such that Vz € (0,1), Vn > Ny we have |f,(z) — f(z)] <e.
Again since f,(0) — f(0) and f,(1) — f(1) as n — oo one can choose two positive integers Ny, Ny
such that

V> N, [fa(0) = £(0)] < €

Vn > Np, |fu(1) = fF(1)] <€

Set N = max{Ny, N1, No}. Then Vz € [0,1], Vn > N we have |f,(z) — f(x)] <.

Thus {f,} converges uniformly to f on [0, 1].

Probelm1: Let S be a proper subset of R and F' be a non-empty finite subset of R—.S. If a sequence
of functions {f,} on S U F converges pointwise to f on SU F and the convergence is uniform on S
then the convergence is also uniform on S U F'.

Examplel5: For each n € N, let us define h, : {z : z > 0} — R by h,(z) = - Vo > 0.

Then the limit function h of the sequence of functions {h,} on {z : x > 0} is given by h(z) =1
Vo > 0.



Now to test whether {h,} converges uniformly to h on {x : x > 0} or not :
Let € > 0 be a given real such that e < 1.
Then Vz > 0, |hy(x) — h(2)| = |25 — 1 = 5
V2 >0 h(z) = h(z)| <eifn > (*)

This shows that there is no positive integer N such that |h,(z) — h(z)| < € Yz € {z : z > 0},
VYn > N.

.. the sequence {h,} fails to converge uniformly to ~ on {x : x > 0}.

NOTE: In the above example, the convergence is uniform on any bounded subset of {z : x > 0}.
For, consider a bounded subset S of {z : > 0} and K be an upper bound of S.

For the chosen € , 0 < € < 1 and have got as (*) |h,(x) — h(z)| < € Yz € S whenever n > @
Now let us choose a positive integer NV such that N > @ Then Vn > N, we have n > 35(17_6)
Ve e S.

coha(z) = h(z)| < e Vo € S,Vn > N.

Thus {h,} converges uniformly to h on S (Justify). In particular, the sequence {h,} converges
uniformly to h on [0, K| for any K > 0.

Problem2: Suppose that f: S — R be the pointwise limit of a sequence of functions {f,} on S. If
for each €,0 < € < 1 there is a positive integer N such that |f,(x) — f(x)] < e Vr € S,¥Vn > N
then show that {f,} converges uniformly to f on S.

Examplel6: For each n, let us define f, : (0,1] — R by fu(z) = —45 Va € (0,1]. Then the
limit function f of {f,} on (0,1] is given by f(xz) =0 Vz € (0,1]. To test whether {f,} converges
uniformly to f on (0,1] or not :

Let € > 0 be a given real number such that e < 1. Now Yz € (0,1], |fu(z) — f(z)| = =45 < eif
n > 1(1—1). Clearly there is no positive integer N such that N > (1 —1) Vz € (0,1]. Therefore

there is no positive integer N with the property |f,(z) — f(z)| < € Va € (0,1] whenever n > N.

Therefore { f,,} does not converge uniformly to f on (0,1].

Note: The convergence is uniform in[a, 1] for any a satisfying 0 < a < 1.

NOTE: In the above example, the convergence is uniform on any subset 7' of [0,1], that has a
positive lower bound. For if a > 0 be a lower bound of such a T then for the choosen ¢(0 < € < 1)
we would get |f,(z) — f(z)] < € Vo € T whenever n > 1(£ —1). Now let us choose a positive
integer N such that N > 1(2 —1). Then Vz € T, Vn > N we have |f,(z) — f(z)| <e.

Therefore { f,,} converges uniformly to f on T'. In particular, the sequence { f,,} converges uniformly
to f on [a, 1] for any a satisfying 0 < a < 1.

Examplel7: For each n, let us define f, : [0,1] — R by fu(z) = 22 Vz € [0,1]. Then the

nx+1
limit function f of {f,} on [0,1] is given by f(z) =z Va € [0,1]. To test whether {f,} converges




uniformly to f on [0,1] or not :

Let € > 0 be a given real number such that ¢ < 1. Then Vz € (0,1], [fu(2) — f(z)| = 55 <eifn >

% — %.Let us choose a positive integer NV such that N > % — 1. Then obviously Vz € (0,1], Vn > N
we have | f,,(z) — f(z)| < e

Therefore { f,,} converges uniformly to f on (0, 1] and hence on [0,1] also.

Note: See Ex.13, Problems 1 and 2 .

Examplel8: To test the uniform convergence of {f,} defined in Example 10 on {z : = > 0}.

Let € > 0 be a given real number such that ¢ < 1. N(ljte that Vo > 0, |f.(x) — f(2)] = |2* +
(1 e+ o o) — (L4 02| = \r%— 1] = b < eif < (14227 e
if n > lo’;(gl—(il). Clearly there is no positive integer N such that N > % Va > 0.Therefore
there is no positive integer N with the property |f.(z) — f(z)| < e V& >0, Vn> N.

Thus the sequence {f,,} does not converge uniformly to f on {z :a >0}.

Note:(1) the convergence in the above example is uniform on any nonempty subset of {x : > 0},
that has a positive lower bound.

(2) {f.} in Ex.10 cannot converge uniformly on {x : x > 0}. In fact, {f,} in Ex.10 cannot converge
uniformly on any interval containing origin.

Problem:3 If a sequence of functions {f,} on S C R converges uniformly to f : S — R then for any
nonempty subset 7" of S the sequence {g,,} on T defined by g, = f,|T Vn, converges uniformly to
g=IIT.

Examplel9:To test the uniform convergence of { f,} defined in Example 1 on (0, 1).

Let € > 0 be a given real number such that ¢ < 1. Then Vz € (0,1), |f.(z) — f(2)] = 2™ < € if
% < (%)" or if log% < nlog% orif n > %.

Note that as © — 1 from left of 1 , % 1 from right of 1. Now % >0(-0<e<1)and log% — 00

as © — 1 — 0. So there is no positive integer N such that N > fzg Vz € (0,1).Therefore there is
no positive integer N such that | f,(z) — f(z)| <e Vx € (0,1), Vn > N.

Thus the sequence {f,,} does not converge uniformly to f on (0,1).

Note: (1) The convergence in Ex.1 is not uniform on [0,1].( Recall problem 3).

(2) The convergence in Ex.1 is uniform on [0, a] for any a satisfying 0 < a < 1.

Example20: To test the uniform convergence of { f,,} defined in Example 2 on {z : z > 0}.

Let € > 0 be a given real number such that ¢ < 1. Now Vo > 0, [fu(2) — f(2)| = 15me < € if
%<1+n2x20rifn>@.

Now as x — 07, @
any n. > N, |fu(z) — f(z)] <e

Thus the sequence {f,} can not converge uniformly to f on {z : x > 0}.

— oo and hence there is no positive integer N such such that Vz > 0 and



Note: (1) The convergence in the above example is uniform on any non-empty subset of {z : z > 0}
that has a lower bound.
(2) {fn} in Ex.2 cannot converge uniformly on {z : z > 0}. In fact, {f,} in Ex.2 cannot converge
uniformly on any interval containing origin.
THEOREMI1: Suppose that {f,} is a sequence of functions on S C R with f : S — R as its
pointwise limit. Set M,, = sup{|f.(z) — f(z)| : © € S}. Then the convergence of {f,} is uniform
on S iff imM,, =0 as n — oo.
PROOF: Let us suppose that imM,, =0 as n — oo. To prove{f,} converges to f uniformly on
S.
Let € > 0 be a given real. We choose a positive integer N such that M, <e Vn > N (Note
that M, >0 Vn).

sosup{|fu(z) — f(x)|:x €S} <e VYn>=N

Sfu(z) = f(x)|<e VYxeS, Vn>N

Thus { f,, }converges to f uniformly on S.
Conversely suppose that { f,, }converges uniformly to f on S. To prove limM, =0 as n — oo.

Let € > 0 be a given real. Let us choose a positive integer /N such that
|fu(@) = f(z)] <€/2 VzeS, Vnz=N

sosup{|fa(z) — f(z)|:x €S} <e/2<e VYn>N
oM, <e Yn>N

Since M,, > 0, from above it follows that limM,, =0 as n — oo.

COROLLARY:Suppose that f:S — R is uniform limit of a sequence of functions { f,} on S.Then
(i) f is bounded if each f,, is bounded.

(ii) f is unbounded if each f,, is unbounded.

Proofs follow immediately from above theorem and triangle inequality.

Look at all examples which have already been proved to converge uniformly on some subset of R
to verify corollary (i) and (ii).

Example21: To test the uniform convergence of { f,,} defined in Example 5.

By corollary (i) above, it is clear that the convergence of {f,,} is not uniform on (0, 1).

Problem4: Cite an example of a sequence of functions {f,} on some S C R such that each f, is
unbounded on S but the limit function is bounded on S.

Example22: Converse of corollary (i) is false.

Consider the sequence of functions {f,} in example 1. Recall that its pointwise limit is bounded



and for each n, f, is bounded.But the convergence is not uniform on [0, 1].
[ in example 1, we have proved that the convergence is not uniform in (0, 1).(Recall problem 1)].
It is also follows from Theorem 1 since, in our example, Vn, M, = sup{|f.(z)—f(z)|: 2 € [0,1]} =1
so that limM,, =1 # 0.
Example23:Converse of corollary (ii) is false.
Consider the sequence of functions {f,} in example 10.Clearly each f,, and also the limit function
f is unbounded on R [and also on {z : z > 0}].
In example 18, we have shown that the convergence is not uniform on {z : z > 0}] and hence also
on R.
The fact that the sequence {f,} cannot converge uniformly on {z : > 0}] also follows from The-
orem 1. Since,Vn, M, = sup{|f.(z) — f(z)|: 2z >0} = sup{m cx >0} =1 (Verify!). So that
limM, =1 # 0.
Note: That {f,} in Example 10 does not converge uniformly on R also follows directly by using
Theorem 1.
Example24: The sequence {f,} in Example 17 has been proved to converge uniformly on [0, 1]. The
proof also follows by Theorem 1.
Note that, Vn M, =sup{|f.(z) — f(2)|: 0 <z <1} = sup{(lf—m) 0<z <1} = —.
2 limM,, = 0 and hence {f,} converges uniformly to f on [0, 1].
Example25: The sequence {f,} in Example 19 has been proved to converge pointwise but not uni-
formly in {z : x > 0}. The proof also follows by Theorem 1.
Note that, Vn M, = sup{|f.(z) — f(x)] : x > 0} = sup{m cx > 0} = 1(Verify!).
2 limM, = 1 # 0 and hence {f,,} does not converge uniformly to f on {z :x > 0}.
Example26:To test whether the sequence {f,,} in example converges uniformly or not:
1—na? ifze [07\%]
0 if z € (\/iﬁ, 1]

0 ifz e (0,1]

1 ifz=0
Obviously Vn, M, =sup{|f.(z) — f(z)]:0 <z <1} > |fn(ﬁﬁ) — f(ﬁﬂ =3
. {M,} cannot converge to 0 and hence {f,} does not converge uniformly to f on [0, 1].
Example27: For each n, consider f, : R — R defined by f,(z) = % Vo € R. To test whether {f,}
converges uniformly on R or not.

Clearly the limit function of {f,} on R is given by f(z) =0 Vz € R.
Note that for each n, M, = sup{|fa(z) — f(z)| : v € R} =sup{%: 2 € R} > [SVADL

n

Recall that Vn, f,(z) = {

and the limit function f is given by f(z) =

. {M,} cannot converge to 0 and hence the sequence {f,} cannot converge uniformly to f on R.

10



Example28: In example 11, the sequence {f,} has been proved to converge uniformly on R.The
proof also follows from Theorem 1.

Note that Vn, f.(z) = % Vx € R and the limit function f is given by f(z) =0 Vz € R.
ooV, My, = sup{|fu(z) — f(z)] : v € R} = sup{|#222| : z € R} < L.

As M, > 0 Vn, from above it follows that the sequence {M,} converges to 0. Hence that conver-
gence of the sequence of functions {f,} is uniform on R.

Example29: Consider the sequence of functions {f,} in example 12. Proceeding as Example 28
one can easily check that M, = sup{|f.(x) — f(z)| : 2 € R} < \/iﬁ so that M,, converges to 0 (as
M,, > 0 ¥n).Thus the convergence of {f,} is uniform on R.

Example30: To test uniform convergence of the sequence of functions {25} on the interval [0, 1].
Vn, let us define f, : [0,1] — R by f,(z) = =3 Va € [0, 1]. Obviously for any = € [0,1], f.(x)=

14+n2g2

= — 0 as n — oo so that the limit function f : [0,1] — R of the sequence of functions {f,}
TLT €T

is given by f(z) =0 Vz € [0,1]. Note that Vn € N, Vz € [0,1] applying G.M. < A.M. we have

1

Lin’z? - < % and the equality occurs when 1 = nx that is when x = —.

2 or 14+n2x2

Now Vn M, = sup{|fu(z) — f(2)] : 0 <o < 1} = sup{i7z : 0 < 2 < 1}(= n ) =3

1+n2n%
[max{55:0<z <1} = % that occurs at + € [0, 1]].

nr <

- limM, = § # 0. Thus the given sequence of functions fails to converge uniformly on [0, 1].
Example31: To test uniform convergence of the sequence of functions {f,} on [0, 1]where Vn, f, :
na® ifxe(0,1)

v ifzel 1]

Let f :[0,1] — R be the limit function. Clearly f(0) = limf,(0) = 0;f(1) = limf,(1) = 1. Let
2o € (0,1). Choose N € N such that 1zo. then zo € [2,1] Vn > N so that f,(zo) = zo Vn > N.
. f(xo) = limf,(z9) = xp. Since xy € (0,1) is arbitrary it follows that f(z) =« Vz € (0,1)...
f(zo) = limf, (z9) = xo. Combining the above results we get f(z) =2 Vz € [0, 1].

[0,1] — R is defined by f,(z) = {

Now to test the uniform convergence of {f,} on [0, 1] let us define VYn, M, = sup{|f.(z) — f(x)|:
z—nz® ifzel0l)
0 if v € [2,1]
Let us define ¢, : (0,1) — R by ¢,(z) = 2 —naz? Vx € (0,1). Obviously ¢, is differentiable on

‘n

0 <z < 1}.Clearly Vn, |f.(x) — f(z)| =

(0,1) and Vz € (0,1), ¢,(z) =1 —2nz = 2n(5 — x). ... ¢,(z) changes sign from positive to

negative as x crosses the point z = % from left to right and ¢,, is continuous at = = % So ¢, (x)

has global maximum at z = =-.

2n
0 ifr=20

So we have, |fu() — f(z)| = ¢ ¢n(z) ifz €(0,2) and hence Vn, M, = sup{|fu(z) — f(z)] :
0 if z € [1,1]

O<z<l}=max{p(z):0<z<i}=0¢dy(5) =5 —nis =

11



Now {M,} converges to 0 (. M,, = ;- Vn) and the given sequence of functions converges uniformly
on [0, 1].

Example32: To test uniform convergence of the sequence of functions {#"(1 — z)} on the interval
[0,1]. For each n, let us define f,, : [0,1] — R by f,(z) = 2"(1 —z) Vz €[0,1]. Let f:[0,1] = R
be the limit function. Clearly Vx € [0,1], f(z) = limf,(z) = 0.

Now to test uniform convergence of {f,} on [0, 1] let us define ¥n, M, = sup{|f.(z) — f(z)|: 0 <
r <1} =sup{z"” — 2" : 0 <z < 1}. Consider ¢, : [0,1] — R defined by ¢, (z) = 2" — 2" Vz €
[0, 1].Obviously ¢, is differentiable on [0,1] and Vz € [0,1] ¢/, (z) = 2" }n — (n + 1)x].

.. ¢, changes sign from positive to negative as x crosses the point x = - from left to right and
¢p, is continuous. So ¢, has global maximum at = 5.

SoVn, My, =sup{gn(z) 1 0 <z <1} = ¢,(505) = W"LH

Since lim(1 + £)" = e # 0 and lian+1 = 0 it follows that M,, — 0 as n — oo. Hence the given
sequence of functions converges uniformly on [0, 1].

Example33: Suppose that ¢ : [0,1] — R is a continuous function with (1) = 0 and {f,} is a
sequence of functions on [0, 1] defined by,  f.(x) = x™p(x) Va € [0,1],Vn. To test the uniform
convergence of {f,} on [0,1]. Let f be the limit function on [0,1]. Clearly f(0) = limf,(0) = 0;
f(1) =limf,(1) =0, --¢(1) = 0. Now let =y € (0,1). Since ® is continuous on [0, 1], it is bounded
on [0,1]. Let us choose K > 0 such that |[¢(z)] < K Vz € [0,1]. Now |f.(z0)| = |z§.¢(xo)| =
xyl(xo)| < zf. K. Since xy € (0,1) was arbitrary it follows that f(z) =0 Vz € (0,1).

Thus we get the limit function f of the sequence of functions {f,} on [0,1] as f(z) =0 Vx € [0, 1].
To test uniform convergence of the sequence {f,} on [0, 1].

Case (i): ¢¥(z) =0 Vx € [0, 1].

Then Vn, f,(z) =0 Vx € [0,1] and hence the sequence {f,} converges uniformly to f trivially.
Case (ii): ¥(z) # 0 for some z € [0, 1].

Set Vn, M, = sup{|fu.(x)— f(z)]: 0 <z <1} =sup{z"|¢(z)| : 0 <z < 1}. Now Vn, by continuity
of the function z".|¢(x)| on [0,1] let us choose z,, € [0,1] such that M, = z?|¢(x,)|. Clearly
M, > 0 Vn as ¢(z) # 0 for some x € [0,1] and hence z,, # 0,x, # 1 Vn. Let supz, = a. Then
0 < a < 1. Let us consider the case a < 1. Since z,, < a Vn we have M, = z7|¢(z,)| < a™.K and
hence limM,, = 0(. lima” =0 as 0 < a < 1).

Next let us consider the case a = 1. Let us choose a subsequence {z,, } of {z,} such that
Ty, — 1 as k — oo.

Note that Vk, M,, = x3*|¢(z,,)| < [¥(7n,)| and by continuity of [ (x)| at * = 1 we have

limy oo [¢0(20,)] = |¥(1)] =0  since (1) =0.
 limy oo My, = 0.

12



Thus 0 is a cluster point of the sequence{M, }. But asVz € [0,1],2 > 22 > 2* > 2* > --. we have
zl(z)] > 2?(z)| > 23| (x)| > atlp(z)| > -+ . Therefore My > My > My > My > -+ .

.. {M,} is a monotone decreasing sequence having a cluster point converges to that cluster point ,
it follows that lim,_., M, = 0. Hence {f,} converges uniformly on [0, 1].

THEOREM?2 ( Cauchy criterion for uniform convergence of a sequence of functions): A sequence
of functions {f,}, defined on S C R, converges uniformly on S if and only if for every € > 0 there
exists a positive integer N such that |f,,(x) — fu(z)| <€ Vz €S, Ym,n > N.

PROOF : Suppose that {f,} converges uniformly on S. Let f : S — R be the uniform limit.

Let € > 0 be a given real. Let us choose a positive integer /N such that
[fe(x) = f(z)| <€/2 VzeS VE=N

. Therefore Vo € S, Vm,n > N we have

[fm () = fo(2)] < [fm(2) = f(@)] + | fu(z) = f(2)] < €/2+€/2=€

Conversely, suppose that the given Cauchy condition is satisfied for the sequence of functions {f,}
on S. To prove : {f,} converges uniformly onS.

Fix x € S. Clearly from the given condition, {f,(x)} is a Cauchy sequence in R. Since R is
Cauchy-complete lim, . fn(z) belongs to R. Since z € S is arbitrary it follows that lim, . f,(z)
exists in R Vo € S. Let us define f : S — R by f(2) = lim,,— fu(z) Vo € S.We shall now prove
that this f is the uniform limit of {f,} on S.

Let € > 0 be a given real. From the given condition, let us choose a positive integer N such that
|fm(x) — fu(z)| <€/2 VreS, Vm,n> N.

keeping n > N fixed, for each x € S we have lim,, o |fim () — fu(z)| < €/2 or, |f(x) — fu(z)| < €/2.
Therefore | f,(x) — f(z)| <e Vx € 8S.

Since n > N was arbitrary it follows that |f,(x) — f(z)| <€ Vx €S, Yn > N.

Thus {f,} converges uniformly to f on S.

NOTE: Theorem 2 can be restated as the following :

A sequence of functions {f,}, defined on S C R, converges uniformly on S if and only if for every

€ > 0 there exists a positive integer N such that

Sup{|fm(x) — fu(zx)| ;2 €S} <e VYm,n>N

Example34: the sequence of functions {f,} in example 1lhas already been proved to converge
uniformly on R (See Example 28 also). The proof also follows from theorem 2.

Note that Sup{|fn(z) — fu(z)| : # € R} = Sup{|Zme — Simnz| . 5 ¢ R} < Sup{|#mz| : z €
R} + Sup{|2222| . z e R} < L 4+ 1.

13



Let € > 0 be a given real.

Let us choose a positive integer N such that ~ < /2. Then Vm,n > N we have = < ¢/2, £ <¢/2
and hence Sup{|fn.(z) — fu(2)| : x € R} <€ Vm,n > N.

Thus {f,} converges uniformly on R.

Example35: The sequence of functions {f,} in example 12 (see example 29 also) can be proved to
converge uniformly on R in a similar way as Example 34.

Example36: The sequence of functions {f,} in Example 1 converges uniformly on [0, a| for any a
satisfying 0 < a < 1 but does not converge uniformly on [0, 1](See Example 19,22). This can also
be proved using Theorem 2.

Let 0 < a < 1. Note that Sup{|z™ —a"| : z € [0,a]} < Sup{a™ : z € [0,a]} +Sup{z" : x € [0,a]} <
a™ +a".

Let ¢ > 0 be a given real. We choose a positive integer N such that a®¥ < ¢/2. Then Vm,n >
N, a™ < ¢€/2, a™ < €/2 so that Sup{|z™ — 2"| : z € [0,a]} < € Vm,n > N.

Therefore the sequence {f,} converges uniformly on [0, a].

Since a in (0,1) was arbitrary it follows that the sequence of functions { f,,} converge uniformly on
[0, a] for any a satisfying 0 < a < 1.

In order to prove that the sequence of functions {f,} does not converge uniformly on [0, 1] it is
sufficient to establish that the convergence is not uniform in (0,1). For this we shall show that
lim,, oo Sup{|fon(x) — fu(x)] : 0 <z <1} #0.

Set @ (2) = |fan(2) — fulz)] V2 € (0,1).

Therefore ¢, (z) = 2™ —2** Vr € (0,1).

Now ¢, (x) = nz" (1 — 22"). This shows that ¢/ (z) changes sign from positive to negative as

L)% from left to right and ¢,, is continuous at x = (1)%. So ¢, has global

(3) 3
)w

x crosses the point
maximum at z = (
Therefore Sup{| fon(z) — fo(2)]: 0 <z <1} = ¢, ((1)w) =1 - (1) = 1.
limy, o0 SUp{| fon(z) — fu(z)] : 0 <z <1} =1 #£0.

This shows that the condition in Cauchy criterion for uniform convergence is not satisfied by the

(

sequence of functions {f,} in (0,1).

Therefore { f,,} fails to converge uniformly in (0, 1).

Example37: The sequence of functions { f,,} in Example 16 has been proved to converge pointwise
but not uniformly in [0,1]. The fact that the convergence is not uniform on [0,1] can also be
established using Theorem 2.

Here, as Example 36, it is sufficient to establish lim,, o Sup{|fon(x) — fu(z)| : 0 <2z < 1} # 0.
Set @ () = [fan(2) = ful2)] Vo €0,1].
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Then (I)n(fl?> = #—i—l — %;ﬁ Vo € [0, 1]
2(nz+1)2—(2nz+1)2 (—2n22241

— 2 —
Note that’ q)/n(l') o (2na:i1)2 B (nxil)2 =n (2nz+1)2(nx+1)2 _n(2nx+1)2(n:p+1)2'
Therefore @/ (z) changes sign from positive to negative as = crosses the point x = #ﬁ from left to

right and ®,, is continuous. Therefore ®,, has aglobal maximum at the point z = %ﬂ

Supllfne) — )]0 << 1) = 0) = 2t~ e =
Clearly, lim,, o, Sup{|fon(2) — fu(2)|: 0 <2 < 1} = V-l ),

V2+1
NOTE: That the convergence in [a, 1], 0 < a < 1, is uniform can also be established by Theorem 2.

Example38: In example 21 we have proved that the sequence of functions {f,} in example 5 does
not converge uniformly on (0, 1). This fact can also be proved by using Theorem 2.

Recall that f,(z) =1+x+2*+---+ 2" Vz € (0,1). Now Vm,n with m > n and Vz € (0,1)
|[fm(@) = fal@)] = 2" + 2™+ 4o 2™t > 2

Therefore, sup{|fmn(z) — fo(z)| : x € (0,1)} > sup{z” : z € (0,1)} = 1.

This suggest that the Cauchy condition cannot be satisfied by the sequence of functions {f,} on
(0,1).

Therefore { f,} cannot converge uniformly on (0, 1).

Example39: In example 18 we have proved that the sequence of functions {f,} in example 10 does
not converge uniformly on {z : z > 0}. This fact can also be proved by using Theorem 2.

Recall that fn(x)::ﬁ—{—l_f%—l—ﬁ—l-“-%-ﬁ Va > 0.

Now Vm,n with m > n and Vo > 0

12 $2 1.2
| () — fu(2)| = (T2t + (122)7 72 + -4+ e
Therefore for each n and for each x > 0 we have

$2 Z‘2 332 3 nx2
|f2n($) - fn($)| > (1HaZ)ntt + (1+aZ)n Tt et (A4z2)»+T (n tlmes) = tz2)nt = (I)n(m) (SaY)'

2nz [1— (n+1)x2]
T (14a2)ntl 1422
2nx (1—7’L£E2

- (1+x2)"+1 1+12
to right and ®,, is continuous at \/iﬁ So, ®,, has global maximum at z =

Therefore Sup{| fan(z) — fo(z)| : @ > 0} > Sup{®,(z) : © > 0} = P, (
Therefore, lim,, o Sup{| fan(z) — fu(x)| : 2 > 0} > % > 0.

Thus {f,} does not satisfy Cauchy condition for uniform convergence and hence the sequence of

) which changes sign from positive to negative as x crosses the point \/Lﬁ from left

I S

T G
Vi) = e

functions { f,,} fails to converge uniformly on {z : x > 0}.
Example40: To test whether the sequence of functions {f,} in example 6 converges uniformly on
[0, 1] or not:
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Recall that for some ennumeration ry,ro, - - - of rationals in [0, 1], Vn, f, is given by

1 ifxe{r,r,. -, r.}
fa() = .
0 lfIG[U,l]—{Tlar%”‘»rn}

Obviously, f,,(rne1) =0 but fri1(rpe1) = 1.

Therefor, Sup{| fns1(x) — fu(z)| : x €[0,1]} > 1.

In particular, the sequence of functions {f,} cannot satisfy Cauchy condition for uniform conver-
gence. Hence the sequence { f,,} fails to converge uniformly on [0, 1].

Problemb: Using Theorem 1 prove that the sequence of functions in Example 40 does not converge
uniformly on [0, 1].

THEOREMS3: Suppose that {f,} is a sequence of functions on S C R and ¢ is a point in S such
that each f, is continuous at c. If the sequence {f,} converges uniformly to f : S — R on S then
f is also continuous at c.

(Uniform convergence preserves continuity)

PROOQF: Let € > 0 be a given real.

By uniform convergence of {f,} to f on S, let us choose a positive integer N such that
fo(z) — fl2)] < § VeeS, Ya>N .. (4).
Now, by continuity of fy at c let us choose a § > 0 such that
[ fv(z) — fn(o)] <§ Vre(e—dc+8)nS .. ().
Note that Vx € S
|f(z) = f(e)| = [f(@) = [n(2z) + fn(@) = fnle) + fn(e) = flo)]
< |f(x) = fn@)| + | fv(2) = fn(e)] + [fn(e) = flo)]

<5+ Ifn@) = () + 3 by (?)

Therefore from (ii) and the above inequality we get

Vo (c=8e+0)NS, |f(@) - fl<gH+zHg=c

Thus f is continuous at c.
NOTE: Converse of the above theorem is not true.
Example41: Let us consider the sequence of functions { f,} on [0, 1] where Vn, f.(z) = 752 Vr €

[0, 1]. Note that each f,, is continuous at each point of [0, 1] and also the limit function which being
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identically zero on [0, 1] is obviously continuous at each point of [0, 1]. But in example 30 we have
already seen that this sequence of functions {f,} is not uniformly convergent on [0, 1].

Corollary: Suppose that {f,} is a sequence of continuous functions on S C R. If the sequence { f,,}
converges uniformly to f : S — R then f is also continuous.

NOTE: Example 41 suggests that converse of the above corollary is not true. REMARK: Theorem
3 is often helpful to disprove uniform convergence of some sequences of functions.

From this theorem we can immediately conclude that the sequence of functions {f,,} in each Ex-
amples 1,2,3,4,6,10 does not converge uniformly on the corresponding domain.(See note 1 just after
example 10).

THEOREM4: Suppose that {f,} is a sequence of continuous functions on S C R. If the sequence
{fn} converges uniformly to f : S — R on S then for any x in S and any sequence {z,} in S
converging to z the sequence {f,(z,)} converges to f(x).

PROOF: Let us suppose that {f,} converges uniformly to f on S. Let x € S and {x,} be a
sequence in S such that limzx, = z.

To prove: limf,(x,) = f(x).

Let € > 0 be a given real. By uniform convergence of {f,} to f on S let us choose a positive integer
Ny such that |f,(z) = f(#)] <5 VreS Vn>Ni.

By Theorem 3, f is continuous at x. So by Continuity of f at x let us choose a > 0 such that
@)= fy)l <& Yy (@ —62+6)NS.

Since limz,, = z, we can choose a positive integer Ns such that z, € (xr — 0,z + ) Vn > Ns.
Then Vn > max{ Ny, No} we have

[fulzn) = f(@)] < |falzn) = flaa)l + [f(2n) = fl@)| <5+ 5 =€

Thus limf,(z,) = f(x).

NOTE: Converse of above theorem is not true.

Example42: Consider the sequence of functions {f,} in Example 41. Note that each f,, is continu-
ous on [0, 1] with the limit function f such that f(z) =0 Vz € [0,1]. Clearly Vz € [0, 1] and each
sequence {x,} in [0, 1] converging to x we have

Fuln) = it = i — 85 = 0= f@)

But the convergence of the sequence {f,,} is not uniform on [0, 1].

REMARK: Theorem 4 is very useful to disprove uniform convergence of some sequences of func-

tions:

Note that 0 € [0,1] and {+ is a sequence in [0,1] converging to 0. Now f,(1) =3 Vn.

2
Therefore limf,,(£) = 3 # 0 = f(0). So by Theorem 4 the convergence of the sequence {f,} to f is
not uniform on [0, 1].
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Example43: The sequence of functions {f,,} in Example 9 does not converge uniformly on [0, 1].

Recall that f,(z) = % Vo € [0,1] Vn. clearly each f, is a continuous function on [0, 1]. since

f2(0) =0 Vnand |f,(2)] < 2 Vx € (0,1], Vn it follows that the limit function f :[0,1] — R

1+nx
is given by f(z) =0 Vz €[0,1].
Note that 0 € [0,1] and {2 is a sequence in [0, 1] converging to 0. Now f,(1) =Sl wp,

Therefore limf, (L) = 221 =£ 0 = f(0).
So by Theorem 4, the sequence {f,} does not converge uniformly to f on [0, 1].

Wim’)? Vx €
[01], Vn. Clearly each f, is continuous function on [0,1]. Since f,(0) = 0 Vn and f,(x) =
H(%;W)Q Vz € (0,1], ¥n, it follows that the limit f : [0,1] — R is given by f(x) =0 Vz € [0, 1].
Note that 0 € [0,1] and {1 is a sequence in [0, 1] converging to 0. Now f,(1) =1 Vn.

Therefore limf, (L) =1 % 0= f(0).

So by Theorem 4, the sequence {f,} does not converge uniformly to f on [0, 1].

Example44: Let us consider the sequence of functions { f,,} on [0, 1] given by f,,(z) =

Exampled5: Let us consider the sequence of functions { f,} on [—1, 1] given by f,(z) = nze ™" Yz €
[—1,1], Vn. Clearly each f, is continuous function on [—1,1]. Let f : [-1,1] — R be the limit
function of {f,}. Note that f,,(0) =0 Vn and so f(0) = limf,(0) = 0. Now for z € [-1, 1] — {0},
folz) = %gﬁ’fg Vn. Since for £ >0 lim2% = 0 it follows that Vo € [-1,1] — {0}, lim;f; = 0.

Therefore Vo € [-1,1] — {0}, f(z) =limf,(z) = 1.0 =0.
Thus the limit function f of the given sequence of functions is given by f(z) =0 Vz € [-1,1].

We shall use theorem 4 to prove that the convergence of the sequence of functions {f,} is not
uniform on [—1,1].
Note that 0 € [~1,1] and {1} is a sequence in [—1,1] converging to 0. Now f,(3) =1 Vn.
Therefore limf, (1) =1 # 0 = f(0). .
So by Theorem 4, we conclude that the sequence of functions {f,} does not converge uniformly on
[—1,1].
Problem6: Using Theorem 1 prove that the sequence of functions in Example 45 does not converge
uniformly on [—1,1].
Example46: Let us consider the sequence of functions {f,,} on [0, 1] defined by

f() = { (1 —n?z*)Sin nz for 0 <ux % v

0 for + <2 <1

Clearly each {f,} is a continuous function on [0, 1]. Let f : [0, 1] — R be the limit function of {f,}.
Note that f,(0) = 0 Vn and so f(0) = limf,(0) = 0. Next let 2o € (0,1] Choose N such that
%<:1:0. Then%<x0§1 Vn > N.
Therefore f,(xg) =0 VYn > N. So f(xy) = limf,(zo) = 0. Since z, is arbitrary it follows that
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f(x)=0 Vz e (0,1]. Thus f:[0,1] — R is given by f(z) =0 Vz € [0, 1].

Note that 0 € [0,1] and {5-} is a sequence in [0, 1] converging to 0. Now f,(5) = $Sin § Vn.
Therefore limf,(5-) = 3Sin 1 # 0 = f(0). Thus by Theorem 4 we conclude that the sequence of
functions { f,} does not converge uniformly on [0, 1].

THEOREMS5: Suppose that {f,} is a sequence of Riemann integrable functions on [a,b]. If the
sequence {f,} converges uniformly to f :[a,b] — R on [a,b] then f is also integrable on [a,b] and
moreover f f(x)dx = lim f fulz

(Uniform convergence preserves Rlemann integrability and for a uniformly convergent sequence of
functions, integral of the limit function is equal to the limit of the integrals).

PROOF: Let us suppose that f : [a,b] — R is the uniform limit of the sequence of Riemann inte-
grable functions on [a,b]. So f is bounded on [a, b], by corollary (i) of Theorem 1, since each f, is
neccessarily bounded on [a, b].

Now to prove Riemann integrability of f on [a, b].

Let € > 0 be a given real.

By uniform convergence of {f,} to f on [a,b] let us choose a positive integer N such that

[fu(@) = f(@)| < 5575 Vo €la;b], Vn= N (i)
Now by the Riemann integrability of the function fy on [a, b] we choose a partition P := (zg, z1,- - ,x,)
of [a,b] such that U(P, fy) — L(P, fx) < £ (ii)

where U(P, fn) = >0y Mo (fn)(zp—x01), Mo(fn) =sup{fn(z):z € [z,o1—2,]} Vr=1,2,....n
and L(P, fy) = > m,(fn) (@, — 1), m,(fy) =inf{fy(z):2 € [x,01—2.]} Vr=1,2,---,n
SetVr =1,2,---,n M.(f) =sup{f(z):x € [x,_1—z,|} and m,(f) =inf{f(x): z € [z,_1—x,]}.
Now Vr = 1,2,--- n, let us choose points &, n.in[x,_1, z,| such that f(&.) > M.(f) —
f) <mi(f) + 5555

Therefore Vr = 1,2,--- ,n we have

Vi) = milf) < F16) + s — S0+ i

S |f(€r - (nr>| + 5(b—a)

< |f(€7‘) — v+ [ (&) = fn(n) + () = F)l + s

< 5oy T Mi(fn) — me(fx)

Therefore

S (M) = () @ = 71) € sty Sy (@ = 2) + Sy (M (f) = () (20 — 1)

= €

) (bia) and

Thus f is integrable on [a, b].
Finally, to prove : ff f(z)dz = lim fab folz)dz
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Note that Vn,

[ f@)de = [7 fa@)de] = | [2(f(x) = fula))da]

< [ 1f(@) = fal@)lds

< fj Mnda: where M, = sup{|f.(x) — f(x)| : € [a, ]}

= M,(b—a).

Since the sequence {f,} converges uniformly to f on [a,b] we have limM,, = 0 , by Theoreml.
Hence we conclude that f: f(x)dxr = lim ff fulz)dx

Corollary: If {f,} is a sequence of continuous functions on [a, b] converging uniformly to a function
f :la,b] — R on [a,b] then f and each f, is integrable on [a, b] and fabf(x)dx = lim f; fn(z)dx
NOTE: The converse of Theorem 5 is not true.

Example47: Consider the sequence of functions {f,} on [0,1] in Example 1. Recall that Vn, f, :
[0,1] — R is given by f,(z) = 2™ Vax € |0,1] and the limit function f: [0,1] — R is given by

1 for0<z<1
f(x) =
0 forxz=1

Each f, being a continuous function on [0, 1] is integrable there.Again, f is abounded function
having one one point of discontinuity viz. 1 in [0, 1]; so, f is also integrable on [0, 1].

Clearly fo r)dr = 0 and fo fo(z)de = -
Therefore, fo r)dr = lim fo fo(z

Finally, each f, is continuous at x = 1 but the limit function is not continuous at z = 1. So by

+1

Theorem 3 it is evident that the convergence of the sequence {f,} to f is not uniform on [0, 1].[See
note (i) of Ex. 19 also]. Thus the limit function of a sequence of Riemann integrable function
may be Riemann integrable and the integral of the limit function may be equal to the limit of the
integrals even if the convergence is not uniform.

NOTE: The converse of the Corollary of the Theorem 5 is not true.

Example48: Let us consider the sequence of functions {f,} on [0,1] in Example 9. Note that
fulz) = S22 g € [0,1], Vn and the limit function f : [0,1] — R is given by f(z) =0 Vz € [0,1].
Clearly f as well each f,, is continuous on [0, 1].

Now [ f(z)dz = 0and ¥n, | [ fa(z)dz| < [ B0ty < [ 2

But fo - = ~log(1 + n) — Oasn — oo.

Therefore lim fo fn(x)dz = 0.

Hence fo dx = lim fo fn(x)dz. But {f,} does not converge uniformly on [0, 1]. This fact have
been proved in Example 43.

Thus the limit function of a sequence of continuous functions on [a, b] may be continuous and the

integral of the limit function may be equal to the limit of the integrals even if the convergence is
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not uniform on [a, b].

REMARK: Theorem 5 may help us to disprove uniform convergence of some sequences of functions
on closed bounded intervals.

From this theorem we can immediately conclude that the sequence of functions { f,} in each of the
examples 6,7 and 8 does not converge uniformly on [0, 1].(See note (ii) & (iv) just after example
10).

REMARK: In theorem 3 we have seen that uniform convergence of a sequence of functions {f,} is
sufficient to transit continuity from individual term to the limit function. That uniform convergence
is not necessary for such transition has been supported by Example 41. Moreover, for a sequence
of continuous functions {f,} on [0, 1] with continuous limit function f neither

(i) z € [0,1],{x,} in [0,1] with z,, —» 2 = f,.(z) — f(z) (See Example 42)

nor (ii fo r)dx = lim fo fn(x)dz (See Example 48)

can ensure uniform convergence of the sequence { fn} on [0,1]. In Example 42, f,(z) = 5> Vr €
[0,1],¥n; f(x) = 0 Vz € [0,1] and fo fo(x)dz = fo 1322226195 = ~tan"'(n?) — Oasn — o0 sO

that fol f(z)dz =0 =lim fo folz

Thus for a sequence {f,} of continuous functions on [0, 1] with continuous limit function the con-
ditions (i) and (ii) above, even jointly cannot guarantee the uniform convergence of the sequence
Now for a sequence of the above type (i.e. a sequence of continuous functions on [0, 1] with contin-
uous limit function) let us proceed to investigate the extra condition that would make the sequence
uniformly convergent on [0, 1].

First of all let us have a closer look to Example 32. In this example the sequence {z"(1 — z)} of
continuous functions on [0, 1] converges uniformly to the zero function on [0, 1]. Here it is to be
noted that z(1 —z) > 2*(1 —z) > 23(1 — z) > ... for any z in [0, 1].

It immediately comes in mind that if {g,} is a sequence of continuous functions on [0, 1] with zero
as its limit function and gy(z) > g2(x) > gs(x) > -+ Vo € [0,1] then the convergence of the
sequence of functions {g,} would probably be uniform on [0, 1]. Really, this is true. Let us explain.
If possible, we suppose that the convergence of {g,} is not uniform on [0, 1]. So there exists ¢y > 0
such that for no positive integer N the following is true:

gn(x) < € Yz €[0,1], Yn > N (as gn(x) > 0 Vz € [0,1]).

For such an ¢y > 0, we choose for each n € N a point z,, in [0, 1] such that g,(x,) > .

Since {z,} is a sequence in the bounded set [0,1] it has a cluster point z, € R (By Bolzano-
Weierstrass Theorem). Again since [0, 1] is a closed set so x¢ € [0,1]. Let us choose a subsequence

{n, } of {z,} such that limz,, = .
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Fix m € N. For sufficiently large k, ny > m and for such k, g,,(ng) > gn, (2n,) > €o.

Now, by continuity of g, at zy limg,,(z,,) = gm(zo).

Therefore, we have g,,(xg) > €.

Since m € N is arbitrary it follows that ¢,,(x¢) > ¢¢ ¥m € N. But limg,,(x¢) = 0.

Therefore we have 0 > ¢y — a contradiction.

Thus actually we have proved the following:

THEOREMG6: Let {g,} be a sequence of continuous functions on [0, 1] with the zero as its limit
function. If gi(x) > go(x) > g3(x) > -+ Vax € [0,1] then the convergence of the sequence of
functions {g,} is uniform on [0, 1].

EXAMPLEA49: The sequence of functions {#™(1 — )} in Example 32 satisfies all the conditions of
the above theorem and hence converges uniformly on [0, 1].

EXAMPLES0: Consider the sequence of functions {f,} of example 33. Recall that for a given
continuous function ¢ on [0, 1] with ¢(1) = 0, f,,(z) = 2"¢(z) Vz € [0,1], Vn.

Set g, (z) = |fu(z)| V2 €]0,1].

Clearly {g,} satisfies all the condition of Theorem 6 and so {g,} converges uniformly to 0 on [0, 1].
Hence {f,} also converges uniformly to 0 on [0, 1].

Corollary: (i) Let {g,;} be a sequence of continuous functions on [0, 1] with as its limit function. If
g1(z) < go(x) < --- Va €[0,1] then the convergence is uniform in [0, 1].

Corollary: (ii) Let {f,} be a sequence of continuous functions on [0, 1] having a continuous limit
function. If fi(z) > fo(z) = f(e) = - V€ [0,1] or if fi(2) < fole) < fole) < ... Ve [0,1]
then the convergence of the sequence of functions {f,} is uniform on [0, 1].

Problem7: Prove uniform convergence of the sequence of functions of Example 17 and 31 using
corollary (ii) above.

REMARK : The proof of Theorem 6 depends on the fact that the interval [0, 1] is bounded and
closed subset of R. So, question may arise:

How far can we generalize the Theorem 6 7

To answer this we have the following theorem :

THEOREMT7:(Known as Dini’s theorem on uniform convergence)

Let S be a non-empty closed bounded subset of R and {f,,} be a sequence of continuous functions
on S converging to a continuous function f on S. If fi(x) > fo(z) > f3(x) > .-+ Va € S orif
fi(z) < fo(z) < f3(z) < --- Va € S then the convergence of the sequence of functions {f,} to f
is uniform on S.

Proof is similar to the proof of Theorem 6.

NOTE 1: Boundedness of S in the above theorem is essential.
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EXAMPLES51: Consider the sequence of functions {h,} on {z : > 0} in Example 15. Recall that

ho(z) = 2 Vx > 0, Vn. Clearly each h, is continuous on {z : z > 0} and the limit function

h:{x:2z >0} — R defined by h(z) =1 Vz > 0 is obviously continuous on {x : z > 0}.
Now Vn € N and Vz/ge0 we have
h(x) = hnga(2) = 7 — 757 <0

T+n T+n+l —
In example 15 we have proved that {h,} does not converge uniformly on {x : x > 0}.

Note that {z : x > 0} is a closed but unbounded subset of R.This suggests that boundedness of S

in Theorem 7 is essential.

NOTE: (ii) Closedness of S in Theorem 7 is essential.

EXAMPLES52: Consider the sequence of functions {f,} on (0,1] in Example 16. Recall that
folz) = =5 Va € (0,1], Vn. Clearly each f, is continuous on (0,1] and the limit function
f:(0,1] — R defined by f(z) =0 Vz € (0, 1] is obviously continuous on (0, 1].

Now Vn € N and Vz € (0, 1] we have

fn<l’> - fn—i—l(x) = nzl+1 - (n+1):}c+1 > 0.

In example 16 we have proved that {f,} does not converge uniformly on (0, 1].

Note that (0, 1] is bounded but not a closed subset of R.This suggests that closedness of S in The-

orem 7 is essential.

NOTE: (iii) For uniform convergence of a sequence { f,,} of continuous functions on a closed bounded
subset .S of R neither

f@) > foe) > fa) > Ve S

nor fi(z) < fo(x) < fs(z) <--- Vo eSS

is essential.

EXAMPLE53: Consider the sequence of functions {f,} on [—3, 3] defined by f,(z) = z|z|* Vz €
[—1, 3], vn.

Obviously the limit function f : [—3,3] — R is given by f(z) =0 Vz € [—1,1].(Converse of

)
Theorem 7 is not true).Note that Sup{|f,(z) — f(z)| : z € [-3, 3]} = (3)"™" — 0 as n — oo.

23

Again fi(z) > fo(z) > f3(x) > -+ Vx €0, 5] and fi(z) < fo(z) < f3(x) < -+ Vz € [—%,0).
finally note that { fn} is a uniformly convergent sequence of continuous functions on the closed
bounded subset [—1

Uniform convergence and Differentiability :

The sequence { f,,} converges uniformly to f on [—

1, 3] of R without satisfying the condition of monotonicity on {f,}.

By analogy with Theorems 3 and 5 one might expect that if a sequence of functions { f,,} converges
uniformly to f on [a,b] and each f, is differentiable at some point ¢ in [a, b] then f is also differen-

tiable at ¢ and moreover limf/ (¢) = f’(¢). But this is not true.

23



EXAMPLES4: Let us consider a sequence of polynomials {P,(z)} converging uniformly to the
continuous function |z| on [—1,1]; such choice of {P,} is possible by weierstrass approximation
theorem which states that ”any continuous function on a closed bounded interval can be uniformly
approximated by polynomials”.

Now,each P, is differentiable at £ = 0 but |z| is not differentiable at x = 0. So, it is clear that
uniform convergence does not preserve differentiability.

EXAMPLES5: Let us consider the sequence of functions on [—1, 1] defined by f,(z) = S’L\/gm Vr €
[—1,1], Vn.

Note that | f,(x)| < \/Lﬁ Vo € [-1,1], Vn so that lim|f,(z)| =0 Vax € [—1,1] and hence the limit
function f is given by f(z) = limf,(z) =0 Vz € [-1,1].

Obviously Sup{|f.(z) — f(z)| : © € [-1,1]} < 5= — 0 so that the convergence of {f,} to f is

un
uniform on [—1, 1].(This fact also follows from example 12 and problem 3).

Now f/(0) =+/n Vn and f'(0) = 0.

Therefore limf],(0) # f(0), since f}(0) = oc.

So even if the uniform limit f of a sequence of functions {f,} each f, being differentiable at some
point ¢ is also differentiable at ¢, the equality limf/ (c¢) = f(c) need not be true.

Problem8: Cite an example of a sequence of functions {f,,} converging uniformly to a function f
on an interval [a,b] such that f as well as each f, is differentiable at some point ¢ in [a,b] but
limf! (c) = f(c) although limf/ (c) is finite.

THEOREMS: Suppose that {f,} is a continuously differentiable functions on [a, b] converging to
a function f : [a,b] — R. If the sequence of functions {f;} converges uniformly on [a,b] then f is
differentiable on [a,b] and limf! (z) = f(x) Vzx € [a,].

PROOF: Let F : [a,b] — R be the uniform limit of the sequence of functions {f/} on [a,b]. Since
each f/ is continuous on [a, b], by Theorem 3 it follows that F' is also continuous on [a, b].

Again, by Corollary of theorem 5, for each x € [a,b] we have [ F(t)dt =lim [ f(t)dt.

So, by Fundamental theorem of Calculus ,

Va € [a,b], Vn we have [* fl(t)dt = fu(2) — fu(a).

Therefore, Vo € [a,b] [ F(t)dt = lim(f,(z)— fu(a)) = limf, (z)=limf,(a) = f(z)— f(a) (%).
Finally, since F' is continuous on [a,b], [ F(t)dt is differentiable on [a, b] and hence from (x) f()
is differentiable on [a,b] with f'(z) = L [* F(t)dt.

Therefore Vo € [a,b], f'(z) = F(x) = limf] (x).

REMARK: If we do not assume the continuity of the functions f/ on [a,b] in the above Theorem,
then stronger hypothesis are required for the assertion f, — f"if f, — f.

THEOREMO: Suppose that {f,} is a continuously differentiable functions on [a,b] such that
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{fn(x0)} converges for some point zy in |[a,b].If {f'} converges uniformly on [a,b], then {f,}
converges uniformly on [a,b] to a function f and moreover, f is differentiable on [a,b] satisfy-
ing f'(z) =limf!(z) Vz € [a,b)].

PROOF: Suppose that {f/} converges uniformly on |a, b].

To prove : {f,} converges uniformly on [a, b].

Let € > 0 be a given real.

By Uniform convergence of the sequence of functions {f/} on [a,b] and by convergence of the real
sequence { f,(zo)} let us choose a positive integer N such that

0) 1f(a) = 10| < i Vo€ ad], Vmn > N

and (ii) |fm(20) — fu(20)| < § Vm,n > N.

For x,t in [a,b] applying Mean Value Theorem on f,, — f,  m,n > N we have

() = Fa(@)) = (fnl®) = Fal8)) = (& = DL (Emn) — F1(Emn)) for sOTE POIE &y i Detreen o
and .

Therefore for x,t in [a,b], V¥m,n > N we have by (i)

(1) [fn(2) = fu(2) = Fnl) + Ful®)] < Ji = H]opss

[fm (@) = ful@) = fu) + fu(D} < 5 Vot € a,b], Vm,n > N (iv)

Therefore Vo € [a, b, Vm,n > N we get

[ () = fu(@)] < [ fin (€)= fu (@) = frn(20) 4+ fr (20) [ 4| fin (20) = fu (o) | < 545 =€ Dby (ii) and (iv).
So by Cauchy criterion for uniform convergence (Theorem 2) we conclude that the sequence of func-
tions {f,} converges uniformly on [a, b].

Next suppose that f is the uniform limit of {f,,} on [a,b]. We have to prove that : f is differentiable
on [a,b] and (v) f'(x) = limf! (z) Vax € [a,b].

Given : {f/} converges uniformly on [a, b].

Let F' be the uniform limit of {f},} on [a,b].

Therefore (v) is same as (vi): f'(z) = F(z) Vaz € [a,b].

Fix = € [a,b]. Set Vt € [a,b] — {z}

f(t) — fz)
t—=x

and ¢, (t) = w Vn.

o(t) =
Therefore

lim ¢(t) = f'(z),if it exists, (vii) im ¢,,(¢) = f,(t) Vn, (viil) im ¢,(t) = ¢(t) V¢t € [a,b] — {z}

t—x t—x n— oo

Note that V¢ € [a,b] — {z}
|Om(t) — ¢u(t)] < 55 Vm,n >N using (iii).
Therefore {¢,,} converges uniformly on [a, b] — {x} (by Theorem 2) and (iii) shows that the uniform
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limit of {¢,} is ¢ on [a,b] — {z}. Finally (vi) and the defintion of ¢ suggests that at the fixed
x € [a,b], we have to establish that
lim ¢(t) = F(x).

Note that Vt € [a,b] — {z}, Vn € N we have
|p(t) — F(x)] < [p(t) — n(t)| + |0n(t) — fr(2)| + | fr(z) — F(z)] o (ix).

Let € > 0 be a given real.
Since ¢ is the uniform limit of {¢,} on [a,b] — {z}, lim, . f/(z) = F(x) we can choose a positive

integer Ny Such that Vn > N,

@ { 0n(t) =60 <5 V€ o8] {2}
90 (x) = F(a)] < §

Now for a fixed n > Ny, by (vii) we choose a 6 > 0 such that Vt € (z =9,z 4+ 0) N ([a,b] — {z}) we

have
€

|on(t) — fl(z)| < 3 oo e (i)
Hence from (ix), (x)and(xi) we get
o(t) = F(z)| < §+5+5=¢ Vt e (z—d,x+0)N([a,b] —{z})
Therefore lim, ., ¢(t) exists and is equal to F'(x).
Therefore f'(x) = F(x).
Since x € [a,b] is arbitrary it follows that f is differentiable on [a,b] and f'(x) = F(z) =
lim, .o f/(x) Vz € [a,b].
EXAMPLE56: To verify Theorem 8 for the sequence of functions { f,} on [0, 3] defined by f,(z) =
l4+z+zi+- 42" Vzel0,3], Vn.
Note that,for each n, f,, being a polynomial function on [0, £] is obviously continuously differentiable

12
on [0,%].
Now, fo(z) =14z +2?+ - 4+2" =12 vy e|0,1] vn.

1—x

Since Vz € [0, 1], the sequence {z"} converges to zero, it follows that the limit function f of {f,}

is given by f(z) = = Vz € [0,3].

Clearly f is differentiable on [0, 3] and f'(z) = ﬁ vz € [0, 3]

)

The verification of the Theorem 8 will be complete if we prove that f’ is the uniform limit of the
sequence of functions {f} on [0, 1].

Now f{(z) =0 Vzel0,3]andVn>2, fi(z)=1+22+32+ -+ (n—1)2"% Vzel ;]
Therefore for n > 2, for any x in [0, 5] we have
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1

@) = F@)] = 14204305 4 (0= D)o = g
1 1
= 1-2) {1—1—2m+3x2—|—---+(n—l)xn_Q}.(l—x)—1_m
1 1

= 1 24 ... n=1_
-2 +r+x+---+x — 2

B 1 1—2a" 1 < "
(-2 |l-2 11—z~ (1-2x)2
. Therefore Vn > 2, Sup{|f(z) — f'(z)| :z € [0,}]} < 5 [-0<z<{]
Since 27%2 converges to zero it follows that
: ! ! 1
Jim Sup{|f,(z) - f(2)] : 2 € [0, 5]} =0.

Thus {f,} converges uniformly to f" on [0, 3].

Problem9: Verify Theorem 9 for the sequence of functions {f,,} of the above example 56.
Problem10: Suppose that the sequence of functions { f,,} on [0, 1] is defined by f,(z) = lzi—ﬁ; Vo €
[0, 1], Vn. Show that {f,} does not satisfy all the conditions of Theorem 9 but the derivative of the
limit function exists in [0, 1] and is equal to the limit of the derivatives at any point [0, 1].

Problem11: Suppose that the sequence of functions { f,} on [—1, 1] is defined by f,,(x) = Vo €

_T
14+na?

[—1,1], Vn. Show that {f,} converges uniformly to a function f on [—1,1], and that the equation
f(x) = lim,,_ f(x) is correct if = is a point in [—1, 1] — {0}, but false if x = 0.
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