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Fourier Transforms and Their Applications

“The profound study of nature is the most fertile source of math-
ematical discoveries.”
Joseph Fourier

“The theory of Fourier series and integrals has always had ma-
jor difficulties and necessitated a large mathematical apparatus in
dealing with questions of convergence. It engendered the develop-
ment of methods of summation, although these did not lead to a
completely satisfactory solution of the problem. ... For the Fourier
transform, the introduction of distributions (hence, the space S )
is inevitable either in an explicit or hidden form. ... As a result
one may obtain all that is desired from the point of view of the
continuity and inversion of the Fourier transform.”

Laurent Schwartz

2.1 Introduction

Many linear boundary value and initial value problems in applied mathemat-
ics, mathematical physics, and engineering science can be effectively solved by
the use of the Fourier transform, the Fourier cosine transform, or the Fourier
sine transform. These transforms are very useful for solving differential or in-
tegral equations for the following reasons. First, these equations are replaced
by simple algebraic equations, which enable us to find the solution of the
transform function. The solution of the given equation is then obtained in
the original variables by inverting the transform solution. Second, the Fourier
transform of the elementary source term is used for determination of the fun-
damental solution that illustrates the basic ideas behind the construction and
implementation of Green’s functions. Third, the transform solution combined
with the convolution theorem provides an elegant representation of the solu-
tion for the boundary value and initial value problems.

We begin this chapter with a formal derivation of the Fourier integral for-
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16 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

mulas. These results are then used to define the Fourier, Fourier cosine, and
Fourier sine transforms. This is followed by a detailed discussion of the basic
operational properties of these transforms with examples. Special attention is
given to convolution and its main properties. Sections 2.10 and 2.11 deal with
applications of the Fourier transform to the solution of ordinary differential
equations and integral equations. In Section 2.12, a wide variety of partial
differential equations are solved by the use of the Fourier transform method.
The technique that is developed in this and other sections can be applied
with little or no modification to different kinds of initial and boundary value
problems that are encountered in applications. The Fourier cosine and sine
transforms are introduced in Section 2.13. The properties and applications
of these transforms are discussed in Sections 2.14 and 2.15. This is followed
by evaluation of definite integrals with the aid of Fourier transforms. Section
2.17 is devoted to applications of Fourier transforms in mathematical statis-
tics. The multiple Fourier transforms and their applications are discussed in
Section 2.18.

2.2 The Fourier Integral Formulas

A function f(z) is said to satisfy Dirichlet’s conditions in the interval —a <
x <a, if

(i) f(z) has only a finite number of finite discontinuities in —a <z < a and
has no infinite discontinuities.

(ii) f(z) has only a finite number of maxima and minima in —a <z <a.

From the theory of Fourier series we know that if f(z) satisfies the Dirichlet
conditions in —a < x < a, it can be represented as the complex Fourier series

flx)= Z an exp(inmz/a), (2.2.1)

where the coefficients are
1 r )
n =5 / f(&) exp(—inm&/a)dE. (2.2.2)

This representation is evidently periodic of period 2a in the interval. However,
the right-hand side of (2.2.1) cannot represent f(x) outside the interval —a <
x < a unless f(z) is periodic of period 2a. Thus, problems on finite intervals
lead to Fourier series, and problems on the whole line —oco < z < 0o lead to the
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Fourier integrals. We now attempt to find an integral representation of a non-
periodic function f(z) in (—o0,00) by letting a — co. As the interval grows
(a— 00) the values k, = T become closer together and form a dense set. If
we write 0k, = (knt1 — kn) = I and substitute coefficients a,, into (2.2.1), we

obtain

oo

1 [ . .

f@)=5e 3 (k) | [ @ exp(-ighn)de| expliah,).  (223)
0 n=—oo =

In the limit as a — oo, k;,, becomes a continuous variable k and &k, becomes

dk. Consequently, the sum can be replaced by the integral in the limit and

(2.2.3) reduces to the result

f(a:):%/ /f({)e‘“‘%ﬁ e dk. (2.2.4)

— 00 — 00

This is known as the celebrated Fourier integral formula . Although the above
arguments do not constitute a rigorous proof of (2.2.4), the formula is correct
and valid for functions that are piecewise continuously differentiable in every
finite interval and is absolutely integrable on the whole real line.

A function f(z) is said to be absolutely integrable on (—oo, 00) if

/If(x)lda:<oo (2.2.5)

exists.
It can be shown that the formula (2.2.4) is valid under more general condi-
tions. The result is contained in the following theorem:

THEOREM 2.2.1 (The Fourier Integral Theorem,).

If f(x) satisfies Dirichlet’s conditions in (—o0,00), and is absolutely inte-
grable on (—o0, 00), then the Fourier integral (2.2.4) converges to the function
L[f(z+0) + f(z —0)] at a finite discontinuity at z. In other words,

%[f(x+0)+f($—0)]:%/e““ /f({)e‘““%& dk. (2.2.6)

This is usually called the Fourier integral theorem.

If the function f(z) is continuous at point z, then f(x+0)=f(x —0)=
f(z), then (2.2.6) reduces to (2.2.4).

The Fourier integral theorem was originally stated in Fourier’s famous trea-
tise entitled La Théorie Analytique da la Chaleur (1822), and its deep signifi-
cance was recognized by mathematicians and mathematical physicists. Indeed,
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this theorem is one of the most monumental results of modern mathematical
analysis and has widespread physical and engineering applications.

We express the exponential factor explik(z —¢)] in (2.2.4) in terms of
trigonometric functions and use the even and odd nature of the cosine and
the sine functions respectively as functions of k so that (2.2.4) can be written
as

1 oo oo
f@)== [ dk | £ cosk(z — €)de. (2.2.7)
]

This is another version of the Fourier integral formula. In many physical
problems, the function f(z) vanishes very rapidly as |2| — oo, which ensures
the existence of the repeated integrals as expressed.

We now assume that f(z) is an even function and expand the cosine function
in (2.2.7) to obtain

2 o0 o0
fl@)=f(—x)=— [ coskxdk [ f(§)coskEdE. (2.2.8)
oo ]

0

This is called the Fourier cosine integral formula.
Similarly, for an odd function f(x), we obtain the Fourier sine integral

formula
o0 oo

fl@)==f(-x)= 2 /sin kx dk/f({) sin k¢ d€. (2.2.9)
0

™
0

These integral formulas were discovered independently by Cauchy in his work
on the propagation of waves on the surface of water.

2.3 Definition of the Fourier Transform and Examples

We use the Fourier integral formula (2.2.4) to give a formal definition of the
Fourier transform.

DEFINITION 2.3.1 The Fourier transform of f(x) is denoted by F{f(x)} =
F(k), keR, and defined by the integral

,9?{f(x)}=F(k):\/L2_ﬂ /e’“’”f(x)dx, (2.3.1)

where F is called the Fourier transform operator or the Fourier transfor-

mation and the factor \/%—W 1s obtained by splitting the factor % involved in
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(2.2.4). This is often called the complex Fourier transform. A sufficient condi-
tion for f(z) to have a Fourier transform is that f(z) is absolutely integrable
on (—00,00). The convergence of the integral (2.3.1) follows at once from the
fact that f(x) is absolutely integrable. In fact, the integral converges uniformly
with respect to k. Physically, the Fourier transform F (k) can be interpreted as
an integral superposition of an infinite number of sinusoidal oscillations with
different wavenumbers k (or different wavelengths \ = 27”)

Thus, the definition of the Fourier transform is restricted to absolutely inte-
grable functions. This restriction is too strong for many physical applications.
Many simple and common functions, such as constant function, trigonomet-
ric functions sinazx, cosazx, exponential functions, and =™ H(z) do not have
Fourier transforms, even though they occur frequently in applications. The
integral in (2.3.1) fails to converge when f(x) is one of the above elemen-
tary functions. This is a very unsatisfactory feature of the theory of Fourier
transforms. However, this unsatisfactory feature can be resolved by means of
a natural extension of the definition of the Fourier transform of a general-
ized function, f(z) in (2.3.1). We follow Lighthill (1958) and Jones (1982) to
discuss briefly the theory of the Fourier transforms of good functions.

The inverse Fourier transform, denoted by F Y F(k)} = f(x), is defined

by
yfl{F(k)}:f(x):\/%/e“”F(k)dk, (2.3.2)

where .# = is called the inverse Fourier transform operator.

Clearly, both % and .# ! are linear integral operators. In applied math-
ematics, x usually represents a space variable and k(= 27”) is a wavenum-
ber variable where \ is the wavelength. However, in electrical engineering, x
is replaced by the time variable ¢ and k is replaced by the frequency vari-
able w(=27mv) where v is the frequency in cycles per second. The function
F(w)=Z{f(t)} is called the spectrum of the time signal function f(t). In elec-
trical engineering literature, the Fourier transform pairs are defined slightly

differently by

FLF)} = F(v) = / F(t)e=2mit gy, (2.3.3)
and
FUFW)} = f(t) = / F(u)ezm’tdy:% / Flo)e®ds,  (2.3.4)

where w=27nv is called the angular frequency. The Fourier integral formula
implies that any function of time f(¢) that has a Fourier transform can be
equally specified by its spectrum. Physically, the signal f(¢) is represented as
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an integral superposition of an infinite number of sinusoidal oscillations with
different frequencies w and complex amplitudes 5 F(w). Equation (2.3.4) is
called the spectral resolution of the signal f(t), and F(“’) is called the spectral
density. In summary, the Fourier transform maps a functlon ( or signal) of time
t to a function of frequency w. In the same way as the Fourier series expansion
of a periodic function decomposes the function into harmonic components,
the Fourier transform generates a function (or signal) of a continuous variable
whose value represents the frequency content of the original signal. This led to
the successful use of the Fourier transform to analyze the form of time-varying

signals in electrical engineering and seismology.

Next we give examples of Fourier transforms.

Example 2.3.1 Find the Fourier transform of exp(—az?). Then find [ 22 e~ %" da.

— 00

In fact, we prove

F(k) = F{exp(—az?)} = \/_exp( i ) , a>0. (2.3.5)

Here we have, by definition,

1 7e L ik S
= — X —_— —_— — —
NS e Plmag 2a 4a v

1 A 1 k2
= — — 4 ay  — -
\/Eexp( k*/4a) / e dy mexp( 4a>’

in which the change of variable y = x —i— is used. The above result is correct,
but the change of variable can be Justlﬁed by the method of complex analysis
because (ik/2a) is complex. If a =1

Fle ™2y =K/, (2.3.6)

This shows F{f(z)} = f(k). Such a function is said to be self-reciprocal un-
der the Fourier transformation. Graphs of f(z)=exp(—az?) and its Fourier
transform is shown in Figure 2.1 for a = 1.
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Alternatively, (2.3.5) can be proved as follows:

1T _—
F'(k) = — /(—ix)e*””*‘”” dx
V2

= é\/%_ﬂ_ 7 [(—Zaa:)e_‘””Q] ek gy

which is, integrating by parts,

o0

i —az?—ikz o - —az?—ikx
F'(k) = YT [e k }7004— /(zk)e ke g
k
= ——F(k).
2a (k)

The solution for F(k) is F(k)= fgk)e_% so that
1

A(0) = F(0) = \/LQ_Wé e gy — \/LQ_W \/§= =

Thus, F(k) = L e~ k.

Using (2. .5)72%72 prove that
I= 76‘”2:\/z, a>0.
. a
It follows from (2.3.5) that
7 eike—az? gy — Vor F(k)= \/ge%.

This is true for all k£, and hence, putting £ =0 we obtain the desired result.
Differentiating once under the integral sign with respect to a gives

9 _aw? 1 T 1 ™
dr = — 4/ —=— 1/ —.
[eeeta =g E-g

— 00

[

Differentiating the integral I, n times with respect to a, yields

om —ae?,  L35...(0n—1) [T
/x e dr = on q2n+1

_135...2n-1) /m
(2a)" a’
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—
X

=

—

Figure 2.1 Graphs of f(r) =exp(—ax?) and F(k) with a=1.

Example 2.3.2 Find the Fourier transform of exp(—alz|), i.e.,

F{exp(—a|z|)} = \/g ﬁ a>0. (2.3.7)

Here we can write

17 .
F {efa|x|} — eialwlilkwd[ﬂ
V2T

oo 0
1 X .
_ —(a+ik)z (a—ik)x
= — e dr + / e dz
V2 0/

1 11 _V? a
V2r latik  a—ik]|  Vow(a? +k2)

We note that f(z)=exp(—al|z|) decreases rapidly at infinity, it is not differ-
entiable at © =0. Graphs of f(z) = exp(—a|z|) and its Fourier transform is
displayed in Figure 2.2 for a =1.

Example 2.3.3 Find the Fourier transform of

- 2ya(s- )

where H(x) is the Heaviside unit step function defined by

H@ﬁ:{L x>0}. (2.3.8)

0, =<0
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—
e
=

b~

Figure 2.2 Graphs of f(z) =exp(—alz|) and F(k) with a =1.

Or, more generally,
L, x>“}, (2.3.9)

H(z_a):{o, r<a

where a is a fixed real number. So the Heaviside function H(z — a) has a finite

F{f(x)} = \/%/ae_““ (1—'2—') dw:\/%/a(l—g) cos kx dx

discontinuity at x =a.

1 1
2a 2a d (sinakx
= — 1 — X S = 1 —_ _—
Nor J (1 — z) cos(akz)dx m/( a:)dx ( - )da:

1

1
_ 2a /sin(akx)dx_ a / 2
B ak T ) dx <ak)2

Var | ak
2
n2 (2K
_ \/Z_W ;i (:g)?z) (2.3.10)
2

Example 2.3.4 Find the Fourier transform of the characteristic function

X[-a,a] (), Where
1, |x|<“}. (2.3.11)

X[—a,a](ﬁ):H(a_uD:{O |$|>CL



24 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

We have

1 Ji —ikx
Foll) = F(aa@} = —= [ (o) do

1 /a —ike g 2 (sinak
=——[e r=1/—
V2r T

Graphs of f(x) = X[—a,q(2) and its Fourier transform are shown in Figure 2.3
for a=1.

) . (2.3.12)

X[-a,aﬂ (X)

-a a

2.4 Fourier Transforms of Generalized Functions

The natural way to define the Fourier transform of a generalized function,
is to treat f(z) in (2.3.1) as a generalized function. The advantage of this is
that every generalized function has a Fourier transform and an inverse Fourier
transform, and that the ordinary functions whose Fourier transforms are of
interest form a subset of the generalized functions. We would not go into great
detail, but refer to the famous books of Lighthill (1958) and Jones (1982) for



Fourier Transforms and Their Applications 25

the introduction to the subject of generalized functions.

A good function, g(x) is a function in C*°(R) that decays sufficiently rapidly
that g(z) and all of its derivatives decay to zero faster than ||~ as |z| — co
for all N > 0.

DEFINITION 2.4.1  Suppose a real or compler valued function g(x) is
defined for all x € R and is infinitely differentiable everywhere, and suppose
that each derivative tends to zero as |x| — oo faster that any positive power of
(x_l) , or in other words, suppose that for each positive integer N and n,

lim 2 g™ (z)=0,

|z|—o00
then g(x) is called a good function.

Usually, the class of good functions is represented by S. The good functions
play an important role in Fourier analysis because the inversion, convolution,
and differentiation theorems as well as many others take simple forms with no
problem of convergence. The rapid decay and infinite differentiability proper-
ties of good functions lead to the fact that the Fourier transform of a good
function is also a good function.

Good functions also play an important role in the theory of generalized func-
tions. A good function of bounded support is a special type of good function
that also plays an important part in the theory of generalized functions. Good
functions also have the following important properties. The sum (or difference)
of two good functions is also a good function. The product and convolution
of two good functions are good functions. The derivative of a good function
is a good function; z™ g(x) is a good function for all non-negative integers
n whenever g(z) is a good function. A good function belongs to LP (a class
of p*™™ power Lebesgue integrable functions) for every p in 1 <p < oco. The
integral of a good function is not necessarily good. However, if ¢(x) is a good
function, then the function g defined for all = by

aw=[%¢mw

is a good function if and only if [*_ ¢(t)dt exists.

Good functions are not only continuous, but are also uniformly continuous
in R and absolutely continuous in R. However, a good function cannot be
necessarily represented by a Taylor series expansion in every interval. As an
example, consider a good function of bounded support

mwz{ﬁﬂ—“—ﬁYﬂa ifM<1}'

0, if x| >1
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The function g is infinitely differentiable at £ = 41, as it must be in order to
be good. It does not have a Taylor series expansion in every interval, because
a Taylor expansion based on the various derivatives of ¢ for any point having
|z| > 1 would lead to zero value for all .

For example, exp(—z?), x exp(—a?), (1+ xQ)_l exp(—22), and sech?z are
good functions, while exp(—|z|) is not differentiable at =0, and the function
(1 + xQ)fl is not a good function as it decays too slowly as |z| — oo.

A sequence of good functions, {f,(z)} is called regular if, for any good
function g(x),

o0

lim fn(x) g(x) dz (2.4.1)

n—oo [_

exists. For example, f,,(z) = % ¢(x) is a regular sequence for any good function

o(x), if
lim OOfn() (x) d;v—hm—/ oz =0.

n—o0 n—oo n
Two regular sequences of good functions are equivalent if, for any good func-
tion g(z), the limit (2.4.1) exists and is the same for each sequence.

A generalized function, f(x), is a regular sequence of good functions, and
two generalized functions are equal if their defining sequences are equivalent.
Generalized functions are, therefore, only defined in terms of their action on
integrals of good functions if

n—r oo

= /:X’ f(x) g(x) dx = lim 700 fn(z) g(x)dx = hm (fn, 9) (2.4.2)

for any good function, g(x), where the symbol (f, ¢g) is used to denote the
action of the generalized function f(x) on the good function g(z), or (f, g)
represents the number that f associates with g. If f(z) is an ordinary function

such that (1 —|—:c2)7N f(z) is integrable in (—oo, co) for some N, then the
generalized function f(x) equivalent to the ordinary function is defined as
any sequence of good functions {f,,(x)} such that, for any good function g(z),

lim fn x)dr = / flz (2.4.3)

n—oo
For example, the generalized function equivalent to zero can be represented
by either of the sequences {@} and {%}
The unit function, I(x), is defined by

/Oo I(z)g(z)dx = /00 g(z) dx (2.4.4)

— 00 — 00
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for any good function g(x). A very important and useful good function that
defines the unit function is {exp (—g) } Thus, the unit function is the gen-

eralized function that is equivalent to the ordinary function f(z)=1.
The Heaviside function, H(x), is defined by

/ H(z)g(x)dx = / g(z) dx. (2.4.5)
—00 0
The generalized function H(z) is equivalent to the ordinary unit function
0, <0
H(x) = { 1 250 (2.4.6)

since generalized functions are defined through the action on integrals of good
functions, the value of H(x) at x =0 does not have significance here.
The sign function, sgn(x), is defined by

/_Z sgn(x) g(x) dx = /OOO g(z)dx — /_OOO g(x) dx (2.4.7)

for any good function g(z). Thus, sgn(x) can be identified with the ordinary
function

-1, x<0,
sgn(x) = {+1 >0 (2.4.8)

In fact, sgn(x) =2 H(x) — I(x) can be seen as follows:

[ seax= [ A - 1) gta) de

— 00 oo

- 2/2 H(z) g(x) do — / Y 1) glw) da

— 00

:2/0 g(w)dx—/z g(z) dx

= /000 g(x) dx—/ooo g(z) dx

In 1926, Dirac introduced the delta function, §(z), having the following
properties

N (2.4.9)
/ d(x)dx = 1.



28 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

The Dirac delta function, d(z) is defined so that for any good function ¢(z),

/ 5(x) () dx = §(0).

There is no ordinary function equivalent to the delta function.

The properties (2.4.9) cannot be satisfied by any ordinary functions in clas-
sical mathematics. Hence, the delta function is not a function in the classical
sense like an ordinary function f(x), é(x) is not a value of § at x. However,
it can be treated as a function in the generalized sense, and in fact, 6(z) is
called a generalized function or distribution. The concept of the delta function
is clear and simple in modern mathematics. It is very useful in physics and
engineering. Physically, the delta function represents a point mass, that is a
particle of unit mass located at the origin. In this context, it may be called
a mass-density function. This leads to the result for a point particle that can
be considered as the limit of a sequence of continuous distributions which be-
come more and more concentrated. Even though §(x) is not a function in the
classical sense, it can be approximated by a sequence of ordinary functions.
As an example, we consider the sequence of functions

S (z) = \/g exp(—nz?), n=1,2,3,.... (2.4.10)

Clearly, 6, (z) =0 as n— oo for any x#0 and §,(0) = oo as n— oo as
shown in Figure 2.4. Also, for all n=1,2,3,...,

7 O (x)dx =

and
lim On(x)dx = / o(x
n—oo

as expected. So the delta function can be considered as the limit of a sequence
of ordinary functions, and we write

5(z) :nh—{go \/gexp(—mf). (2.4.11)

Sometimes, the delta function d(x) is defined by its fundamental property

/ f(@)o(x — a)dz = f(a), (2.4.12)



Fourier Transforms and Their Applications

8,(x)

0.8 |

0.6 |

02 |
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x

Figure 2.4 The sequence of delta functions, d,(z).
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where f(z) is continuous in any interval containing the point x = a. Clearly,

7 F(a)(x — a) dz = f(a) / 5(z — a) dz = f(a).

Thus, (2.4.12) and (2.4.13) lead to the result
f(@)o(x —a) = f(a)d(x —a).
The following results are also true

xd(x)=0
§(x—a)=6(a—x).

Result (2.4.16) shows that 6(z) is an even function.
Clearly, the result

shows that

(2.4.13)

(2.4.14)

(2.4.15)
(2.4.16)

(2.4.17)



30 INTEGRAL TRANSFORMS and THEIR APPLICATIONS
The Fourier transform of the Dirac delta function is

F{5(z)} = \/% / e 5() da = \/% (2.4.18)

Hence,
S(2)=7""1 {L} _ 1 / ek d. (2.4.19)
V2T 2m

This is an integral representation of the delta function extensively used in
quantum mechanics. Also, (2.4.19) can be rewritten as

o0

5(k):% / e dg. (2.4.20)

— 00

The Dirac delta function, 6(z) is defined so that for any good function g(z),

(6, g) = /jo 5(x) g(x) dz = 9(0). (2.4.21)

Derivatives of generalized functions are defined by the derivatives of any
equivalent sequences of good functions. We can integrate by parts using any
member of the sequences and assuming g(x) vanishes at infinity. We can obtain
this definition as follows:

) / e
- / F(2) g (2)de=— (f, g}

The derivative of a generalized function f is the generalized function f’ defined
by

(f'v9)=—(f g (2.4.22)

for any good function g.

The differential calculus of generalized functions can easily be developed
with locally integrable functions. To every locally integrable function f, there
corresponds a generalized function (or distribution) defined by

:/700 f(x) ¢(x) dx (2.4.23)

where ¢ is a test function in R — C with bounded support (¢ is infinitely
differentiable with its derivatives of all orders exist and are continuous).
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The derivative of a generalized function f is the generalized function f’
defined by

(f's ¢y =—(f, &) (2.4.24)

for all test functions ¢. This definition follows from the fact that

/ e
- / F(2) & (@) d =—(f, &)

which was obtained from integration by parts and using the fact that ¢ van-
ishes at infinity.
It is easy to check that H'(x) =0(x), for

:/Z H'(x)qb(x)dx:—/o:o H(z) ¢/ (x) da

- / " (@) de = — [B@)]F = 6(0) = (5, ).

Another result is

It is easy to verify

We next define |z| = z sgn(x) and calculate its derivative as follows. We have

el =+ {rsgn() = o {sen(x)} + sen(x)

dx
=x % {2H(z) — I(z)} + sgn(x)
=2z §(x) + sgn(x) = sgn(x) (2.4.25)
which is, by sgn(x) =2H(x) — I(x) and z §(x) =0.
Similarly, we can show that
% {sgn(x)} =2H'(z) = 26(z). (2.4.26)

If we can show that (2.3.1) holds for good functions, it follows that it holds
for generalized functions.
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THEOREM 2.4.1 The Fourier transform of a good function is a good
function.

PROOF The Fourier transform of a good function f(x) exists and is given

by
F A=) == / e~ £ () da (2.4.27)
Differentiating F'(k) n times and integrating N times by parts, we get
o) < [ SR [T e L iy st o
= | (—=ik)N Vor dxN
< e | [ b o] o

Evidently, all derivatives tend to zero as fast as |k|~™" as |k| — oo for any
N >0 and hence, F'(k) is a good function.

THEOREM 2.4.2 If f(x) is a good function with the Fourier transform
(2.4.27), then the inverse Fourier transform is given by

f(z) e F(k) dk. (2.4.28)

\/271' /
PROOF For any € >0, we have

F {efewzF(—x)} = % /ZOO ¢~ tho—er? {/Z et f(t) dt} dx

Since f is a good function, the order of integration can be interchanged to

obtain
j{ —ex? F / f dt / e—i(k—t)r—erz dx
which is, by similar calculation used in Example 2.3.1,

b {_ (k 4—:)2

1
== ] F(t)dt.

Using the fact that

1 & (k—t)2 B
T /700 exp {— P } dt =1,
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we can write

F {e‘”zF(—a})} —f(k).1

— f(k)] exp [—%} dt. (2.4.29)

1
 ne
Since f is a good function, we have

L8 iy

It follows from (2.4.29) that
kg {e‘”zF(—a})} ~ £(®)|
< ——max|f'(x |/ |t—l€|exp[ (t= )}dt

4me z€R

1
= max | f/(x )|4e/ la| e 4o —0

VA4me zER
as € = 0, where a = L=£
I Z\E.

Consequently,
= —x)}= L - e~ P(—z) dx
f(k) = F{F(-x)} \/—/_Oo F(-z)d

¢** F(z) da

=/
L[ e dg /OO e £(€) dE.

2m —o0 —00

Interchanging k with z, this reduces to the Fourier integral formula (2.2.4)
and hence, the theorem is proved. |

Example 2.4.1 The Fourier transform of a constant function c is
F{c} = V2r.cik). (2.4.30)

In the ordinary sense

F{c} =

C > —ikx
e dx
V2T /_Oo

is not a well defined (divergent) integral. However, treated as a generalized
function, ¢=c¢I(x) and we consider {exp (—%)} as an equivalent sequence
to the unit function, I(x). Thus,

2 o0 2
F {c exp <_z_n>} = —\/02_71_ / exp (—ikx — j_n) dx
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which is, by Example 2.3.1,

= cV2n exp(—nk?) =V2m.c.y | = exp( nk?)
=V2m.c.0,(k ):\/_7.0.5() as n— oo,

since {0, (k)} = {/Z exp (—nk?)} is a sequence equivalent to the delta func-
tion defined by (2.4.10).
[

Example 2.4.2 Show that

F{e “"H(x) !

We have, by definition,

F{e H(z)} = \/% /exp{—x(ik +a)ldr= m
0

Example 2.4.3 By considering the function (see Figure 2.5)
fo(x)=€e"""H(x) —e*H(—x), a>0, (2.4.32)

find the Fourier transform of sgn(x). In Figure 2.5, the vertical axis (y-axis)
represents f,(z) and the horizontal axis represents the x-axis.
We have, by definition,

F{fulw)} = V% exp{(a — ik)z}da

— 0o

+\/—_7r b/exp{—(a +ik)x}dx

1 1 _\/? (—ik)
C Vor la+ik a—idk| NV w a2+ k2

In the limit as a — 0, fo(z) — sgn(x) and then

Fram =21
#{ [Tomtn )1

NIHW
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Figure 2.5 Graph of the function f,(x).

Example 2.4.4 (Fourier Integral Theorem)

35

Using the delta function representation (2.4.12) of a continuous function
f(z), we give a short proof of the Fourier integral theorem (2.2.4). We have,

by (2.4.12) and (2.4.19),

f(x) = / ()3 — €)de
1 oo o0 ) .
5 [ e [ o
_ % 1kx /e—ikgf(g)dg dk

This is the desired Fourier integral theorem (2.2.4). I

(2.4.33)
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2.5 Basic Properties of Fourier Transforms

THEOREM 2.5.1 If Z{f(x)}=F(k), then

(a) (Shifting) F{f(x—a)y=e""*1F(k), (2.5.1)
(b) (Scaling) F{f(ax £ b)} = |1| iﬁp(g), a0 (2.5.2)
(c) (Conjugate) F{f (=)} =F{f(2)}, (2.5.3)
(d) (Translation) F{e'" f(x)} =F(k — a), (2.5.4)
(e) (Duality) F{F(x)} = f(—k), (2.5.5)
(f) (Composition) 7 F(k)g(k)e™**dk = / f(€ —x)d¢,  (2.5.6)
where G(k) = J{gl(a;f ,
(2) (Modulation) F{f(x)cosazr} = % [F(k —a) + F(k + a)]
F{f(a)sinaz} = o [F(k —a) = F(k+a)].

PROOF (a) We obtain, from the definition,

Ffa—a)} = \/% / e f(z — a)de

—ik(E+a rT—a=
m / HER) fe)de,  (x—a=¢)
e ),

The proofs of results (b)—(d) follow easily from the definition of the Fourier
transform. We give a proof of the duality (e) and composition (f).
We have, by definition,

/ e* F(k)dk =7 Y F(k)}.



Fourier Transforms and Their Applications 37

Interchanging x and k, and then replacing k by —k, we obtain

f(=k) e~k P(x)de = F{F(x)}.

sk

To prove (f), we have

o0 oo

_4 F(k)g(k)e““dk:/ g(k) e*®dk \/_/ e R F(€)de
/f €)d¢ ;W/e*ik@*w)g(k)dk

- / FOGC(E — )de.

In particular, when z =0, (2.5.6) reduces to
/ k)dk = / f(¢

This is known as the composition rule which can readily be proved. |

THEOREM 2.5.2 If f(x) is piecewise continuously differentiable and abso-
lutely integrable, then

(i) F(k) is bounded for —oo < k < 00,

(ii) F(k) is continuous for —oo < k < c0.

PROOF It follows from the definition that

F(k)| < j2_7r / e~ £ ()| da
1 7 c
—Eé @)l =—=.

where c= [ |f(z)|dz = constant. This proves result (i).
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To prove (ii), we have

1 Ji —ihx
Pl ) = PO < == [ o™ = 1)l

< \/g 70 |f()|d.

Since lim |e~"® — 1| =0 for all x € R, we obtain
h—0

1
T h—0 /21

lim | F(k + h) — (k)| < lim —— / le=™h® —1||f(2)|dz = 0.
—

This shows that F'(k) is continuous. |

THEOREM 2.5.3 (Riemann-Lebesgue Lemma).
If F(k)=2%{f(z)}, then

lim |F(k)|=0.

|k|—o0

PROOF  Since e~ %% = —¢=%2—i" e have

Fk) = —\/LQ_W [ i) f(w)da
= _\/%_77_: etk (x — %) dz
Hence,
F(k) = % {%ﬂ_ [/OO e ke f(2)dx — fe‘“”f (a: — %) dx] }
=57 [ @ (-
Therefore, .
PO < 5= [ |10 = f (o= )| as

(2.5.7)
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Thus, we obtain

Jim | <>|<N1%|k1|@m_4 @)~ £ (2~ T)|dw=o0.

THEOREM 2.5.4 If f(x) is continuously differentiable and f(z) —0 as
|x| — oo, then

F{f' (@)} = (ik) F{f(x)} = ik F (k). (2.5.8)

PROOF  We have, by definition,

F I T / —ikx
{f'(x) \/ﬂ f'(@
which is, integrating by parts,
1 e ik [

= —— |f(x)e ™ + e " f(z)dx

= (ik)F (k).
If f(z) is continuously n-times differentiable and f*)(z) =0 as || — oo for
k=1,2,...,(n—1), then the Fourier transform of the nth derivative is

FLW (@)} = (ik)" F{f(x)} = (ik)" F (k). (2.5.9)

A repeated application of Theorem 2.5.4 to higher derivatives gives the
result.

The operational results similar to those of (2.5.8) and (2.5.9) hold for partial
derivatives of a function of two or more independent variables. For example,
if u(x,t) is a function of space variable x and time variable ¢, then

ou 0%u
Z —_ ) Z JR— — 2
Ju dU 0%u d*U
J{at} dt’ j{ﬁ}:ﬁ
where U(k,t) =% {u(z,t)}. |

DEFINITION 2.5.1 The convolution of two integrable functions f(x) and
g(x), denoted by (f * g)(z), is deﬁned by

(fxg)(x \/_ / flz—&)g(€)de, (2.5.10)
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provided the integral in (2.5.10) exists, where the factor \/% is a matter of

choice. In the study of convolution, this factor is often omitted as this factor
does not affect the properties of convolution. We will include or exclude the
factor \/% freely in this book.

We give some examples of convolution.

Example 2.5.1 Find the convolution of
(a) f(x)=cosz and g(x)=exp(—alz|), a>0,

(b) f(#) = Xjap) () and g(z)=z
where X[q4)(2) is the characteristic function of the interval [a,b] C R defined

by
(2) = 1, a<z<b
Xlab]\F) = 0, otherwise [

(a) We have, by definition,

oo

= /f(x—ﬁ) g(é)dfz/cos(x_g) e—alél g

0 0o

= /cos(a:—ﬁ) e“5d§+/cos(a}—§) e de

—o00 0
) )

= /cos(x—i—{) efagdg—i—/cos(x—&) e~ %d¢

0 0
oo

= 2cosa:/cos§ e~ e =

0

2a cosT
(1+a?)

If a=1, then f xg)(x)= f(z) so that g becomes an identity element of con-
volution. The question is whether it is true for all g(x).
(b) We have

(f*9)(a / fla—€) ge)de = / Xiaay (£ — €) 9(€)de

b b
- / Naa) (€) 9(z — €)dE = / gz — €) de= / (x—€)? de

I
wl
~—
8
|
IS
N~—
w
|
—
S
|
(=
N~—
w
——
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THEOREM 2.5.5 (Convolution Theorem,).
If Z{f(x)}=F(k) and F{g(z)} =G(k), then

F{f(z)*g(x)} = F(k)G(k), (2.5.11)

7 Fl2)* g(x) = FHF®R)GHE)}, (2.5.12)
or, equivalently,

/ flz—&)g(&)de = / eFF(k)G(k)dk. (2.5.13)

PROOF  We have, by the definition of the Fourier transform,

oo

FUfa)rgla)) = o= [ e [ =96

5 [ g [ e pa - g
— 5= [ g [ e pmin=cF),

where, in this proof, the factor \/% is included in the definition of the con-

volution and all necessary interchanges of the order of integration are valid.
This completes the proof.

The convolution has the following algebraic properties:

fxg=gx*f (Commutative), (2.5.14)
fx(gxh)=(f*g)*h (Associative), (2.5.15)

(af +Bg)xh=a(f*xh)+B(g+h) (Distributive), (2.5.16)
f*V2rd=f=+2rm6*f (Identity), (2.5.17)

where o and 3 are constants.
We give proofs of (2.5.15) and (2.5.16). If f * (g = h) exists, then

[ % (g 1) /fx— (g h)(€)de

oo

— 00 — 00
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/ fla— &) gle t)ds] ()t

/ flx—t—mn) g(n)dn] h(t)dt (put & —t=mn)

/ [( *g) (o — 0)] h(t)dt

= [(f +g) * h] (2),

where, in the above proof, under suitable assumptions, the interchange of the
order of integration can be justified.
Similarly, we prove (2.5.16) using the right-hand side of (2.5.16), that is,

a(fxh)+B(gxh) =a / f(x— E)h(E)de + B / gl — E)h(e)de

o0

_ / laf (@ — €) + By(x — )] h(€)de

= [(af + Bg) * h] (z).

Another proof of the associative property of the convolution is given below.
We apply the Fourier transform to the left-hand side of (2.5.15) and then
use the convolution theorem (2.5.5) so that

FAf*(gxh)} = F{f} T {(g*h)}
= F(k) [7 {9} 7 {h}]
= F(k) [G(k)H (k)]
= [F(k)G(K)] H(k)
=T {(f*9)} 7 {h}
=F{(fxg)xh}.

Applying the .Z ~! on both sides, we obtain
fx(gxh)=(f*g)*h.

Similarly, all properties (2.5.14)—(2.5.17) of convolution can easily be proved
using the convolution theorem 2.5.5.

In view of the commutative property (2.5.14) of the convolution, (2.5.13)
can be written as

/f(g)g(x—g)dgz/e“”F(k)G(k)dk. (2.5.18)
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This is valid for all real x, and hence, putting x =0 gives

o0

/Oof(é) §)dE = /f dx—/F(k)G(k)dk. (2.5.19)

— 0o

We substitute g(z) = f(—x) to obtain

Gk = F{g(a)y = #{FC0) } = F{F @) = F R
Evidently, (2.5.19) becomes

f ) [z F(k) F(k (2.5.20)

or,
/|f(x)|2dx:/|F(k)|2dk. (2.5.21)

This is well known as Parseval’s relation.
For square integrable functions f(z) and g(x), the inner product (f, g) is
defined by

= / f(z) g(z)dx (2.5.22)

so the norm || fl|2 is defined by

IFI5=(f, f /f /|f )| da. (2.5.23)

The function space L?(R) of all complex-valued Lebesgue square integrable
functions with the inner product defined by (2.5.22) is a complete normed
space with the norm (2.5.23). In terms of the norm, the Parseval relation
takes the form

I fll2=11Fll2=I-Z fl|2- (2.5.24)

This means that the Fourier transform action is unitary. Physically, the quan-
tity ||f]]2 is a measure of energy and ||F||2 represents the power spectrum of

I

THEOREM 2.5.6 (General Parseval’s Relation).
If Z{f(x)} =F(k) and F{g(x)} =G(k) then

o0

/f dx—/F(k)de. (2.5.25)

— 00
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PROOF We proceed formally to obtain

70 F(k) G(k)dk = 7 dk - % 7 e R f(y) dy 70 e~tkrg(z) da

_ 1 /f dy/ )dx/ eik(e=v) g,
/Tw)dw/é(x—y (v) dy—/f

In particular, when g(z) = f(z), the above result agrees with (2.5.20).

Second Proof of (2.5.25).

Using the inverse Fourier transform, we have

f(z)g(z) = \/% /OO e* B (k)dk \/% /OO e T G(€) de
= 70 F(k)dk % 70 e F=Or G(g) de.
Thus, N N
/ f(x)g(z)dr = / F(k)dk 75(k — &) G(€)de
= fF(k)de

We now use an indirect method to obtain the Fourier transform of sgn(x),
that is,
21

F{sgn(x)} = % (2.5.26)

From (2.4.26), we find

j{%sgn(x)}:j{ZH/(JJ)}zng{(S(x)}: .

which is, by (2.5.8),
2
ik F{sgn(x)} = \/;,
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F{sgn(x)} = \/;

The Fourier transform of H(z) follows from (2.4.30) and (2.5.26):

or

F{H ()}

F{l+sgn(x)} = S[F{1} + F{sgn(x)}]

N~

[5(@ + %] . (2.5.27)

2.6 Poisson’s Summation Formula

A class of functions designated as LP(R) is of great importance in the theory
of Fourier transformations, where p(>1) is any real number. We denote the
vector space of all complex-valued functions f(x) of the real variable x. If f
is a locally integrable function such that |f|P € L(R), then we say f is p-th
power Lebesgue integrable. The set of all such functions is written LP(R). The
number || f||, is called the LP-norm of f and is defined by

IUM={[ZU@Wd4;<w. (2.6.1)

Suppose f is a Lebesgue integrable function on R. Since exp(—ikx) is contin-
uous and bounded, the product exp(—ikz) f(z) is locally integrable for any
k eR. Also, |exp(—ikx)| <1 for all k and z on R. Consider the inner product

(f, e“”> = /Z f(x) e ™ da, keR. (2.6.2)

Clearly,

‘/_O; f(z)e ™ dx

This means that integral (2.6.2) exists for all k€ R, and was used to define

the Fourier transform, F'(k) =% {f(x)} without the factor \/LQ—ﬂ

<[ u@la=lsli<e @63)

Although the theory of Fourier series is a very important subject, a detailed
study is beyond the scope of this book. Without rigorous analysis, we can
establish a simple relation between the Fourier transform of functions in L*(R)
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and the Fourier series of related periodic functions in L!(—a, a) of period 2a.
If f(z) € L'(—a, a) and is defined by

= Z cpe™® (—a<z<a), (2.6.4)

n=-—oo
where the Fourier coefficients ¢,, is given by

1

5 | f( )e " da. (2.6.5)

Cn =

THEOREM 2.6.1 If f(z) € L'(R), then the series

> fz+2na) (2.6.6)

n=—oo

converges absolutely for almost all x in (—a, a) and its sum g(x) € L'(—a, a)
with g(z + 2a) = g(z) for z € R.

If a,, denotes the Fourier coefficient of a function g, then

o= —inT — —inT — F )
a %) glx)e dx %a /_OO f(x)e dx %a (n)

PROOF We have

N a
Z / f(z+2na)| de = hm Z / |f(x + 2na)| dx
(2n+1)a
= Z oy, 01

2n—1)a

(2N+1)a
= lim |f (@) dt
N—oo J_(aN+1)a

:/Oo F(8)] dt < oo,

—0o0

It follows from Lebesgue’s theorem on monotone convergence that

/_l;[i |f($+2na)|1 de = Z /_a (x+2na)| de < .

n=—oo n=—oo

Hence, the series Zn*—oo f(z 4+ 2na) converges absolutely for almost all x

in (~a, a). I gn(2) = SNy f(x +2na), limy e g (2) = g(a), where g€
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L'(—a, a), and g(z + 2a) = g(x).

Moreover,
gl = / ()| dx:/ > f(z+2na)| da
S/ Z |f (z + 2na)| dz
= Z / |f(z + 2na)| dz
— [ U@l do=|l.
|
We consider the Fourier series of g(x) given by
g(z)= Z cm exp(immz/a), (2.6.7)
where the coefficients ¢, for m=0,+1, 42, ... are given by
1 ’ .
Cm =5 g(z)exp(—imnx/a)dz. (2.6.8)
We replace g(z) by the limit of the sum
N
g(a)= Jim_ ;Nf(a:—l— 2na), (2.6.9)

so that (2.6.8) reduces to

N a
1 . ‘
“m = 54 J&E,noo Z_N/f($ + 2na)exp(—imnz/a) dx

1 N (2n+1)a

odm S0 [ ess(—immy/a) dy
="Nin"1)a
(2N+1)a

I
|
g

i lim / f(z)exp(—immz/a) dx

2a N—oo
—(2N+1)a

:\/%F(mw)7

— 2.6.10
2% (2.6.10)

a
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where F' (™) is the discrete Fourier transform of f(z).

Evidently,
Z flz+2na)=yg(zx)= Z \éi_ﬁF (%) exp(inmz/a). (2.6.11)

We let =0 in (2.6.11) to obtain the Poisson summation formula

i F(2na) = i ‘/21_771?(%) (2.6.12)

When a =, this formula becomes an elegant form

o0 1 o)
n:z_oof@m): ﬁn:Z_OOF(n). (2.6.13)

When 2a =1, formula (2.6.12) becomes
i f(n) =2 i F(2nT). (2.6.14)

To obtain a more general formula, we assume that a is a given positive
constant, and write g(x) = f(az) for all z. Then

2)-(2),

and we define the Fourier transform of f(x) without the factor \/% so that
F(n) :/ e " f(x) d;v:/ e " f (a.—) dx
—o0 —o0 a
= / e~ g (E) dx
oo a
=a / e g(y) dy
= aG(an).

Consequently, equality (2.6.13) reduces to

oo

2mn a
n;oog(T): \/ﬂn;w G(an). (2.6.15)
Putting b= 2T in (2.6.15) gives
> gln)=varb=t > G(2rb 'n). (2.6.16)

n=—oo n=—oo
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When b= 27, result (2.6.16) becomes (2.6.13). We apply these formulas to
prove the following series

o0

(a) 3 ﬁ =7 coth(rb), (2.6.17)
(b) Y exp(—mn’t) = % Y exp (-%) , (2.6.18)
(c) Z m = cosec?(x). (2.6.19)

To prove (a), we write f(z)=(2?+b%)~" so that F(k)=./F 7 exp(—blk|).
We now use (2.6.14) to derive

Y. a2 w2l
= % lz exp(—2nmb) + Z eXp(ZnWb)]
n=0 n=1

which is, by writing r = exp(—2nb),

s O] )

n=0 n=1

_T (1”) =T coth(rb).

b\1—r b

It follows from (2.6.14) that

i 1 w(l+e®)
= (n24+1b2) b (1 —e2mb)’
Or,
1 (1 + e*%b)

1 ™
2 _— _— = -
; (n? +b?) + b2 b (1 —e27mb)
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It turns out that

L _x e L
— (n® +0?) 20 | (1—e—27) 7b
w2 [(1+e7 %) 2
s [1_7)“} (2mb =)
7.‘.2
=2

T-c7)

) [P g
x x— 5+ ‘Tg—? —

In the limit as b— 0 (x — 0), we obtain the well-known Euler’s result

i ni _T (2.6.20)

[x (1+e ) —2(1— e‘m)}

To prove (b), we assume f () = exp(—ntz?) so that F(k) = —2— exp (—ﬁ)
Thus, the Poisson formula (2.6.14) gives

o0 o0

Z exp(—m‘nz):% Z exp(—mn?/t).

n=—oo n=—oo

This identity plays an important role in number theory and in the theory of
elliptic functions. The Jacobi theta function ©(s) is defined by

O(s) = i exp(—msn?), 5>0, (2.6.21)

n=—oo

so that (2.6.16) gives the functional equation for the theta function

N O (%) (2.6.22)

The theta function O(s) also extends to complex values of s when Re(s) >0
and the functional equation is still valid for complex s. The theta function is
closely related to the Riemann zeta function ((s) defined for Re(s)>1 by

i ni (2.6.23)

An integral representation of {(s) can be found from the result

e r
/ 5l eT Ty = () Re(s) >0,
0

ns '’
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where the gamma function I'(s) is defined by
I'(s) :/ e 't tdt, Re(s)>0.
0

Summing both sides of this result and interchanging the order of summation
and integration, which is permissible for Re(s) > 1, gives

dx
et —1’

I'(s)¢(s)= /000 x5t Re(s) > 1. (2.6.24)

It turns out that {(s), O(s), and I'(s) are related by the following identity:

C(s)T(s/2) = %7‘1’8/2 /000 2?71 O(x) — 1] d, Re(s) > 1. (2.6.25)

Considering the complex integral in a suitable closed contour C'

1 2571

I_

S ;|
i Joe—s 100

and using the Cauchy residue theorem with all zeros of (e™* — 1) at z = 2min,
n=+1,42,...,+N gives

I=—-2sin (%S) i(%m)sfl .
n=1

To prove (c), we use the Fourier transform of the function f(z) = (1 — |z|)
H (1 — |z]) to obtain the result. In the limit as N — oo, the sum of the residues
is convergent so that the integral gives the relation

2575~ L sin (%8) C(1—-s)= %

In view of another relation for the gamma function, I'(1 + 2)I'(—2) = — "—,
the relation (2.6.26) leads to a famous functional relation for {(s) in the form

(2.6.26)

75¢(1 — 8) = 217°T(s) cos (?) ¢(s). (2.6.27)

2.7 The Shannon Sampling Theorem

An analog signal f(t) is a continuous function of time ¢ defined in —oo <t < o0,
with the exception of perhaps a countable number of jump discontinuities.
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Almost all analog signals f(t) of interest in engineering have finite energy. By
this we mean that f € L?(—o0, 00). The norm of f defined by

it =| [ irtor ae| (2.7.1)

represents the square root of the total energy content of the signal f(¢). The
spectrum of a signal f(t) is represented by its Fourier transform F(w), where
w is called the frequency. The frequency is measured by v =5~ in terms of
Hertz.

A continuous signal f,(t) is called band limited if its Fourier transform F'(w)
is zero except in a finite interval —a <t < a, that is, if

Fy(w)=0 for |w|>a. (2.7.2)
Then a(>0) is called the cutoff frequency.

In particular, if

F(w)z{(l): ] <a} (2.7.3)

lw|>a

then F'(w) is called a gate function and is denoted by F,(w), and the band
limited signal is denoted by f,(t). If a is the smallest value for which (2.7.2)
holds, it is called the bandwidth of the signal. Even if an analog signal f(t) is
not band-limited, we can reduce it to a band-limited signal by what is called
an ideal low-pass filtering. To reduce f(t) to a band-limited signal f,(t) with
bandwidth less than or equal to a, we consider

_JF(w), |w[<a
F,(w)= { 0, w|>a (2.7.4)
and find the low-pass filter function f,(¢) by the inverse Fourier transform
falt) =5 [ e R)to= o [ et ) (27.5)
a(t) =5 _Ooe a(w)dw = o~ _ae w(w)dw. 7.

This function f,(t) is called the Shannon sampling function. When a =,
fr(t) is called the Shannon scaling function. The band-limited signal f,(t) is
given by

1

by ) 1 ) sin at
— F Wty = — Wy =——. 2.7.6
27r/ (w)e™ duw 271'/6 @ it ( )

fa(t) =

— 0o —a

Both F(w) and f,(t) are shown in Figure 2.6 for a =2.
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A

3
=
C

Figure 2.6 The gate function and its inverse Fourier transform.

Consider the limit as a — oo of the Fourier integral for —oco < w < oo

o0 o0
. . sinat
1= lim [ e ™ f(t)dt=lim [ e~ 2oL
a— 00 a— 00 7t
— 00 — 00
oo oo
. sin at .
- /e‘“’t [Hm Sna } dt = / e~ 5 (t)dt.
a—oo Tt
— 0o —00

Clearly, the delta function d(¢) can be thought of as the limit of the sequence
of functions f,(t). More precisely,

§(t) = lim (Sin at) . (2.7.7)

We next consider the band-limited signal

™

fa(t)= % /F(w)eiwtdw = 2i / F(w) Fy(w) e dw,

which is, by the Convolution Theorem,

o= [ 1@ne-nar= [ 2D marn ey

This integral represents the sampling integral representation of the band-
limited signal f,(t).
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Example 2.7.1 (Synthesis and Resolution of a Signal; Physical Interpreta-
tion of Convolution).

In electrical engineering problems, a time-dependent electric, optical or elec-
tromagnetic pulse is usually called a signal. Such a signal can be considered
as a superposition of plane waves of all real frequencies so that it can be
represented by the inverse Fourier transform

ft)y=7F HF(w)}= % / F(w)e™tdw, (2.7.9)

where F(w)=.%{f(t)}, the factor (1/27) is introduced because the angular
frequency w is related to linear frequency v by w=2nr, and negative fre-
quencies are introduced for mathematical convenience so that we can avoid
dealing with the cosine and sine functions separately. Clearly, F(w) can be
represented by the Fourier transform of the signal f(t) as

F(w)= / ft)e “tat. (2.7.10)

This represents the resolution of the signal into its angular frequency compo-
nents, and (2.7.9) gives a synthesis of the signal from its individual compo-
nents.

Consider a simple electrical device such as an amplifier with an input signal
f(t), and an output signal g(¢). For an input of a single frequency w, f(t) =
et The amplifer will change the amplitude and may also change the phase
so that the output can be expressed in terms of the input, the amplitude and
the phase modifying function ®(w) as

g(t) =d(w)f(t), (2.7.11)

where ®(w) is usually known as the transfer function and is, in general, a
complex function of the real variable w. This function is generally independent
of the presence or absence of any other frequency components. Thus, the total
output may be found by integrating over the entire input as modified by the
amplifier

g(t)z%/(b(w)F(w) e™“tdw. (2.7.12)

Thus, the total output signal can readily be calculated from any given input
signal f(¢). On the other hand, the transfer function ®(w) is obviously charac-
teristic of the amplifier device and can, in general, be obtained as the Fourier
transform of some function ¢(t) so that

P(w) = / p(t)e “tat. (2.7.13)
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The Convolution Theorem 2.5.5 allows us to rewrite (2.7.12) as
g(t)=F HO(w)F(w)} = f(t) / f(r)o(t —7) (2.7.14)

Physically, this result represents an output signal g(¢) as the integral superpo-
sition of an input signal f(¢) modified by ¢(t — 7). Linear translation invariant
systems, such as sensors and filters, are modeled by the convolution equations
g(t) = f(t) * (t), where ¢(t) is the system impulse response function. In fact
(2.7.14) is the most general mathematical representation of an output (effect)
function in terms of an input (cause) function modified by the amplifier where
t is the time variable. Assuming the principle of causality, that is, every effect
has a cause, we must require 7 < t. The principle of causality is imposed by
requiring

p(t—7)=0 when 7> ¢. (2.7.15)
Consequently, (2.7.14) gives

t

/f ot —7)d (2.7.16)

In order to determine the significance of ¢(t), we use an impulse function
f(1)=0(7) so that (2.7.16) becomes

/5 bt — 7)dr = S H (1), (2.7.17)

This recognizes ¢(t) as the output corresponding to a unit impulse at ¢ =0,
and the Fourier transform of ¢(t) is

B(w) = F (1)} = / Bt et dt, (2.7.18)
0

with ¢(t) =0 for t <0. [

Example 2.7.2 (The Series Sampling Expansion of a Band-Limited Signal).
Consider a band-limited signal f,(¢) with Fourier transform F(w) =0 for |w| >
a. We write the Fourier series expansion of F'(w) on the interval —a<w <a
in terms of the orthogonal set of functions {exp (—%)} in the form

Z n eXp <—miw) (2.7.19)

n=—oo
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where the Fourier coefficients a,, are given by
—i/F() L) d —if(”—”) (2.7.20)
n =5 wlexp | ——w Jdw=— fa . 7.
Thus, the Fourier series expansion (2.7.19) becomes
nm N
Flw)=>5- ZOO fa (7) exp (—7w> . (2.7.21)

The signal function f,(¢) is obtained by multiplying (2.7.21) by ! and in-
tegrating over (—a, a) so that

falt) = / F(w)e dw

= % et dw [ i fa (%T) exp (—m%w)l

SRR 1

This result is the main content of the sampling theorem. It simply states that
a band-limited signal f,(¢) can be reconstructed from the infinite set of dis-
crete samples of fo(t) at t=0, £%, ... . In practice, a discrete set of samples
is useful in the sense that most systems receive discrete samples {f(¢,,)} as
an input. The sampling theorem can be realized physically. Modern telephone
equipment employs sampling to send messages over wires. In fact, it seems
that sampling is audible on some transoceanic cable calls.

Result (2.7.22) can be obtained from the convolution theorem by using
discrete input samples

S g, ("_”) 5 (t_ ”T:) = (1. (2.7.23)
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Hence, the sampling expansion (2.7.8) gives the band-limited signal

o= [P S (s

o0

5 0 (Z) [ EARi -2

n=—oo

_ i fa (%) % (2.7.24)

n=—oo a

In general, the output can be best described by taking the Fourier transform
of (2.7.14) so that
G(w)=F(w)®(w), (2.7.25)

where ®(w) is called the transfer function of the system. Thus, the output can
be calculated from (2.7.25) by the Fourier inversion formula

g(t) ! /Oo F(w) ®(w) e dw. (2.7.26)

:% .

Obviously, the transfer function ®(w) is a characteristic of a linear system.
A linear system is a filter if it possesses signals of certain frequencies and
attenuates others. If the transfer function

P(w)=0 |w] > wo, (2.7.27)
then ¢(t), the Fourier inverse of ®(w), is called a low-pass filter.

On the other hand, if the transfer function
P(w)=0 |w] <wn, (2.7.28)

then ¢(t) is a high-pass filter. A band-pass filter possesses a band wy < |w| < w;.
It is often convenient to express the system transfer function ®(w) in the
complex form

D(w) = A(w) exp[—if(w)], (2.7.29)

where A(w) is called the amplitude and 6(w) is called the phase of the transfer
function. Obviously, the system impulse response ¢(t) is given by the inverse
Fourier transform

o(t) = % /700 A(w) expli{wt — 0(w)}] dw. (2.7.30)
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For a unit step function as the input f(t) = H(t), we have

F) =)= (=) + )

W

where H(w)=.% {H(t)} and the associated output g(¢) is then given by

o) =5 [ PR do
- % /_O; <7r5(w) + %) A(w) expli{wt — 0(w)}] dw

1 1 [ Aw) ) ™

Lo 2 {0 - Y] o 73

5 (0)+27T/—oo XD |1 wt — O(w) 5 dw. (2.7.31)
We next give another characterization of a filter in terms of the amplitude

of the transfer function.

A filter is called distortionless if its output g(¢) to an arbitrary input f(¢)
has the same form as the input, that is,

g(t) = Ao f(t —to). (2.7.32)

Evidently, ‘
G(w) = Age ™" F(w) = ®(w) F(w)

where '
d(w)= Age~wto

represents the transfer function of the distortionless filter. It has a constant
amplitude Ay and a linear phase shift 8(w) = wty.

However, in general, the amplitude A(w) of a transfer function is not con-
stant, and the phase #(w) is not a linear function.

A filter with constant amplitude, [#(w)| = Ay is called an all-pass filter. It
follows from Parseval’s formula that the energy of the output of such a filter
is proportional to the energy of its input.

A filter whose amplitude is constant for |w| <wy and zero for |w|>wy is
called an ideal low-pass filter. More explicitly, the amplitude is given by

A(w) = AoH (wo — |w|) = Ao R, (W), (2.7.33)

where X, (w) is a rectangular pulse. So, the transfer function of the low-pass
filter is
D (w) = AR, (W) exp(—iwty) . (2.7.34)

Finally, the ideal high-pass filter is characterized by its amplitude given by

A(w) = AoH (Jw| — wo) = AR, (W), (2.7.35)
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where Aq is a constant. Its transfer function is given by

D(w)=Ag [l — Ruwo (w)] exp(—iwtp) . (2.7.36)

Example 2.7.3 (Bandwidth and Bandwidth Equation).

The Fourier spectrum of a signal (or waveform) gives an indication of the
frequencies that exist during the total duration of the signal (or waveform).
From the knowledge of the frequencies that are present, we can calculate the
average frequency and the spread about that average. In particular, if the
signal is represented by f(t), we can define its Fourier spectrum by

F(v)= [ h e 72TV f(t) dt. (2.7.37)

Using |F(v)|? for the density in frequency, the average frequency is denoted
by <v > and defined by

<1/>=/ v|F(v)|? dv. (2.7.38)

The bandwidth is then the root mean square (RMS) deviation at about the
average, that is,

B2 :/OO (v—<v>)? dv. (2.7.39)

— 00

Expressing the signal in terms of its amplitude and phase
f(t)=a(t) exp{ibt}, (2.7.40)

the instantaneous frequency, v(t) is the frequency at a particular time defined
by

u(t) = % 0'(t). (2.7.41)

Substituting (2.7.37) and (2.7.40) into (2.7.38) gives

<vs—— / T () a2(t) di — / T ) (1) dt. (2.7.42)

27 oo

This formula states that the average frequency is the average value of the in-
stantaneous frequency weighted by the square of the amplitude of the signal.

We next derive the bandwidth equation in terms of the amplitude and phase
of the signal in the form

BZ:#/Z Eégr a’(t) dt+/o:o [% 0'(t)— <u>]2 a’(t) dt.
(2.7.43)
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A straightforward but lengthy way to derive it is to substitute (2.7.40) into
(2.7.39) and simplify. However, we give an elegant derivation of (2.7.43) by
representing the frequency by the operator

1 d

=— —. 2.7.44
2wt dt ( )

We calculate the average by sandwiching the operator between the complex
conjugate of the signal and the signal. Thus,

[ virora= [~ g0 |5 4] s

— 00 oo

<v>

_ % _Oo a(t) {—id'(t) + a(t)0' ()} dt
_ % _00 i [i } dt+_/ dt (2.7.45)
= % /O:O 0'(t)a?(t) dt (2.7.46)

provided the first integral in (2.7.44) vanishes if a(t) — 0 as [t| = oo.

It follows from the definition (2.7.39) of the bandwidth that

° _ 1 d 2
_/ F0) | g <v>| S0yt
<11 d ?
<11 d(t 1 2
=/ %a((t))+%9/(t)_<y> a®(t) dt
_ L ram) o, 11, ‘o
=52 oo[a(t)] a(t)dt—i—/ﬁoo %9(75)—<V> a“(t) dt.
This completes the derivation. I

Physically, the second term in equation (2.7.43) gives averages of all of the
deviations of the instantaneous frequency from the average frequency. In elec-
trical engineering literature, the spread of frequency about the instantaneous
frequency, which is defined as an average of the frequencies that exist at a
particular time, is called instantaneous bandwidth, given by

. _ L [a®)]?
0= [a(t)} : (2.7.47)
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In the case of a chirp with a Gaussian envelope
) I S
flt)y= (—) exp —gat + gzﬁat + 2mivpt |, (2.7.48)
™

where its Fourier spectrum is given by

1
a—if

The energy density spectrum of the signal is

F(v)= (0477)% < ) ’ exp [—271'2(1/ —10)? /(o — iB)] . (2.7.49)

am dar?(v — 1/0)2]

For=2 (75 5) o |

Finally, the average frequency <v > and the bandwidth square are respec-
tively given by

(2.7.50)

1 6)2
2 _ ;
<v>=yy and B 3 2(a+ > (2.7.51)

A large bandwidth can be achieved in two very qualitatively different ways.
The amplitude modulation can be made large by taking « large, and the
frequency modulation can be small by letting 8 — 0. It is possible to make
the frequency modulation large by making /S large and « very small. These
two extreme situations are physically very different even though they produce
the same bandwidth.

Example 2.7.4 Find the transfer function and the corresponding impulse
response function of the RLC circuit governed by the differential equation

d?q dqg 1
L—+R—+—=qg=c¢elt 2.7.52
TR tEa=el) ( )
where ¢ (t) is the charge, R, L, C are constants, and e (¢) is the given voltage
(input).
Equation (2.7.25) provides the definition of the transfer function in the
frequency domain

Gw) _ F{g(t)
Fw)  Z{0)

where ¢ (t) =.Z 1 {® (w)} is called the impulse response function.
Taking the Fourier transform of (2.7.52) gives

B (w) = (2.7.53)

(—Lw2 + Riw + %) Qw)=EW). (2.7.54)
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Thus, the transfer function is

" Ew) LCOw?—iRCw—1

1 1 1
where

1
2

a:E and (=

2.7.56

RN 1
2L LC

The inverse Fourier transform of (2.7.55) yields the impulse response func-
tion

o) = — (em — e_ﬁt) e “H(t). (2.7.57)

2.8 The Gibbs Phenomenon

We now examine the so-called the Gibbs jump phenomenon which deals with
the limiting behavior of a band-limited signal f,,, () represented by the sam-
pling integral representation (2.7.8) at a point of discontinuity of f(¢). This
phenomenon reveals the intrinsic overshoot near a jump discontinuity of a
function associated with the Fourier series. More precisely, the partial sums
of the Fourier series overshoot the function near the discontinuity, and the
overshoot continues no matter how many terms are taken in the partial sum.
However, the Gibbs phenomenon does not occur if the partial sums are re-
placed by the Cesaro means, the average of the partial sums.

In order to demonstrate the Gibbs phenomenon, we rewrite (2.7.8) in the
convolution form

fult) = [t =D ar—(rea) 0, @s)

where

5. (t) = S0l (2.8.2)
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Clearly, at every point of continuity of f(¢), we have
o0

lin fuo(t) = T (f+8.) ()= lm [ fr)Smeol=7)

wp—+00 wp—+00 wo—roo J_ 7r(t —T)

- [ s Lyglm 751““(’;(:)7)} dr

:/ F()8(t—7)dr = f(t). (2.8.3)

dr

We now consider the limiting behavior of f, () at the point of discontinuity
t =to. To simplify the calculation, we set to =0 so that we can write f(t) as
a sum of a continuous function, f.(t) and a suitable step function

f(@) = fe(®) + [f(0+) = F(0-)] H(D). (2.84)
Replacing f(t) by the right-hand side of (2.8.4) in Equation (2.8.1) yields

o) / flr sm wo(t — 7') dr

t— 7'
+[f(0+ / H(r Sm“f(_t ;)T) dr
= fe(t) + [f(0+) = F(0=)] Huyo (1), (2.8.5)

where

/O;H smw;)(_t;)T) dr :/OOO %dr
.5

sin 33

wot
(putting wo(t — 7) =)

gf /““) () ([ ) ()

and the function si(t) is defined by

si(t):/o ST (2.8.7)

T

Note that

1 T 1 T2
ma (Z)=2e [ B, i (2)=d [ 20y
wo 2 0 T wo 2 0o T

Clearly, for a fixed wo, < si(wot) attains its maximum at ¢ = = in (0, 00) and

minimum at ¢t = —wlg, since for a larger ¢ the integrand oscillates with decreas-

ing amplitudes. The function H,, (t) is shown in Figure 2.7 since H,, (0) =3
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and f.(0) = f(0—) and

fuo (0) = fe(0) + % [£(0+) = £(0-)] = 5 [F(0+) + £(0-)] -

N~

W, Wy @y W W, @ W, 0

n_2n 31 4n

Figure 2.7 Graph of H,,(t).

Thus, the graph of H,, (¢) shows that as wy increases, the time scale changes,
and the ripples remain the same. In the limit wy — oo, the convergence of
H, (t)=(H *dy,) (t) to H(t) exhibits the intrinsic overshoot leading to the
classical Gibbs phenomenon.

Example 2.8.1 (The Square Wave Function and the Gibbs Phenomenon).
Consider the single-pulse square function defined by

1, —a<z<a
fl@)=1 1, r==a
0, |z| >a

The graph of f(x) is given in Figure 2.8.
Thus,
2 (sinak
F(k)y=% =4/= .
W=7 )=y 2 ()

We next define a function fy(z) by the integral

[

A
falz)= /7 . F(k)e*® dk.
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0

[N

- > X
-a 0 a

Figure 2.8 The square wave function.

As |A| = o0, fi(z) will tend pointwise to f(z) for all . Convergence occurs
even at =+ a because the function f(z) is defined to have a value “half way
up the step” at these points. Let us examine the behavior of f)(z) as |A\| = oo
in a region just one side of one of the discontinuities, that is, for « € (0, a). For
a fixed A, the difference, fy(z)— f(z), oscillates above and below the value
0 as x — a, attaining a maximum positive value at some point, say = =x).
Then the quantity fi(zx) — f(x)) is called the overshoot.

As |A| = o0, so the period of the oscillations tends to zero and so also xx — a;
however, the value of the overshoot fy(zx) — f(z)) does not tend to zero but
instead tends to a finite limit. The existence of this non-zero, finite, limiting
value for the overshoot is known as the Gibbs phenomenon. This phenomenon
also occurs in an almost identical manner in the Fourier synthesis of periodic
functions using Fourier series.

2.9 Heisenberg’s Uncertainty Principle

If f € L3(R), then f and F (k) =.% {f(x)} cannot both be essentially localized.
In other words, it is not possible that the widths of the graphs of | f(x)|?> and
|F(K)|? can both be made arbitrarily small. This fact underlines the Heisen-
berg uncertainty principle in quantum mechanics and the bandwidth theorem
in signal analysis. If | f(z)|? and |F(k)|? are interpreted as weighting functions,
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then the weighted means (averages) <z > and < k> of x and k are given by

1 o0
=TT TR /_ooxwxﬂzdx’ (29.1)
_ 1 - 2
<k>= WalE [wk|F(k)| dk. (2.9.2)

Corresponding measures of the widths of these weight functions are given by
the second moments about the respective means. Usually, it is convenient to
define widths Az and Ak by

2_ 1 h z—<x>)? |f(2)]?da
2 _ L o _ 2 2
(84" = 7 /_OO (k=< k>)2 |[F(k)[2 dk. (2.9.4)

The essence of the Heisenberg principle and the bandwidth theorems lies in
the fact that the product (Az)(Ak) will never less than Z. Indeed,

(Az)(Ak) > (2.9.5)

N =

where equality in (2.9.5) holds only if f(z) is a Gaussian function given by
f(z) =Cexp(—az?), a>0.
We next state the Heisenberg inequality theorem as follows:

THEOREM 2.9.1 (Heisenberg Inequality).
If f(z), z f(x) and k F(k) belong to L?(R) and /z|f(z) |— 0 as |z|— oo,
then

1
(Ax)* (Ak)? > T (2.9.6)
where (Az)? and (Ak)? are defined by (2.9.3) and (2.9.4), respectively. Equal-
ity in (2.9.6) holds only if f(x) is a Gaussian function given by f(x)=C e—az”
a>0.

PROOF  If the averages are < > and < k >, then the average location of
exp(—i < k>z)f(z+ < x>) is zero. Hence, it is sufficient to prove the theorem
around the zero mean values, that is, <x >= <k > =0. Since ||f]||2 = ||F||2,
we have

IS An @Ry = [ fesPds [ PP

— —oo
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Using ik F(k) = Z{f'(z)} and the Parseval formula ||f'(z)||2 = ||ikF (k)]|2, we
obtain

Il anp@k? = [ lof@Pan [ 15w

> ‘ /- " L) T de|

, (see Debnath (2002))
[ e {r@T@+ 7@ )

L () o]
-2 {Wwﬁw—/Z|f|2dx}2:§||f||3,

in which v/zf(x) —0 as |x| — oo was used to eliminate the integrated term.
This completes the proof.

If we assume f’(x) is proportional to = f(x), that is, f/(x) =bx f(z), where b
is a constant of proportionality, this leads to the Gaussian signals

f(@) = C exp(~az?),

where C' is a constant of integration and a = —% > 0. |

2

v

In 1924, Heisenberg first formulated the uncertainty principle between the
position and momentum in quantum mechanics. This principle has an impor-
tant interpretation as an uncertainty of both the position and momentum of
a particle described by a wave function 1 € L2(R). In other words, it is not
possible to determine the position and momentum of a particle exactly and
simultaneously.

In signal processing, time and frequency concentrations of energy of a signal
f are also governed by the Heisenberg uncertainty principle. The average or
expectation values of time ¢ and frequency w, are respectively defined by

<t>=-—3 ||f||2 / tlf(t )|2dt, <w>= /_ZW|F(W)|2dw, (2.9.7)

1
P13
where the energy of a signal f(¢) is well localized in time, and its Fourier
transform F'(w) has an energy concentrated in a small frequency domain.
The variances around these average values are given, respectively, by

1 oo
7 = 7 /_Oo(t— <t>)|f () dt,
(2.9.8)
9 1

0L =5 (w— < w>)?|F(w)|*dw.
2n|| F13 /40
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Remarks:

1. In a time-frequency analysis of signals, the measure of the resolution
of a signal f in the time or frequency domain is given by o; and o,,.
Then, the joint resolution is given by the product (o) (o,) which is
governed by the Heisenberg uncertainty principle. In other words, the
product (o) (0y,) cannot be arbitrarily small and is always greater than

the minimum value 4 which is attained for the Gaussian signal.

2. In many applications in science and engineering, signals with a high con-
centration of energy in the time and frequency domains are of special
interest. The uncertainty principle can also be interpreted as a mea-
sure of this concentration of the second moment of f2(t) and its energy
spectrum F2(w).

2.10 Applications of Fourier Transforms
to Ordinary Differential Equations

We consider the nth-order linear ordinary differential equation with constant
coefficients

Ly(z) = f(x), (2.10.1)
where L is the nth-order differential operator given by

L=a,D" 4 an, D" ' +---4+a1D +ay, (2.10.2)

where a,,,a,_1,...,a1,ay are constants, D = % and f(z) is a given function.
Application of the Fourier transform to both sides of (2.10.1) gives

[ (1) + an1 (k)" + - + a1 (ik) + ao]Y (k) = F(k),

where F{y(z)} =Y (k) and F{f(x)} = F(k).
Or, equivalently
P(ik)Y (k) =F(k),

where

P(z)= i arz".
r=0

Thus,
Y(k)= =F(k)Q(k), (2.10.3)
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where Q(k) = %.
Applying the Convolution Theorem 2.5.5 to (2.10.3) gives the formal solu-

tion

. 17 B
y(x) = F L {F (k) Q(k)} = m/ F(€)ala — €)de. (2.10.4)

provided q(z) =.Z ~{Q(k)} is known explicitly.

In order to give a physical interpretation of the solution (2.10.4), we consider
the differential equation with a suddenly applied impulse function f(z)=d(z)
so that

L{G(x)} =d6(x). (2.10.5)

The solution of this equation can be written from the inversion of (2.10.3)
in the form

Gla)= 7! {\/% Q(k)} - \/% o(x). (2.10.6)

Thus, the solution (2.10.4) takes the form
vo)= [ £(©)G@ - €. (210.7

Clearly, G(z) behaves like a Green’s function, that is, it is the response to a
unit impulse. In any physical system, f(z) usually represents the input func-
tion, while y(x) is referred to as the output obtained by the superposition
principle. The Fourier transform of {v27G(z)} =q(z) is called the admit-
tance. In order to find the response to a given input, we determine the Fourier
transform of the input function, multiply the result by the admittance, and
then apply the inverse Fourier transform to the product so obtained.

We illustrate these ideas by solving a simple problem in the electrical circuit
theory.

Example 2.10.1 (Electric Current in a Simple Circuit).
The current I(t) in a simple circuit containing the resistance R and inductance

L satisfies the equation
dl
LE + RI=E(t), (2.10.8)
where E(t) is the applied electromagnetic force and R and L are constants.
With E(t) = Eyexp(—alt]), we use the Fourier transform with respect to

time ¢ to obtain
a

(ikL + R)I(k) = EO\/gm.

LN E !
Ik) = iL \/;(k—%) (k2 + a?)’

Or,
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where .Z{I(t)} = I(k). The inverse Fourier transform gives

CaBy [ explikt)dk

It = iwl ) (k=) (k? +a?)

(2.10.9)

This integral can be evaluated by the Cauchy Residue Theorem. For ¢t >0

E Ri
I(t) = 220 27 |Residue at k= — + Residue at k =ia
imL L
_ 2aE e~ 1t et
L [(-F) 2a(a-%)
et 2aLe Lt
- B _ 2.10.10
Y|R—aL R?®-a?L? ( )
Similarly, for ¢ < 0, the Residue Theorem gives
E
I(t) = el 2mi[Residue at k = —ial
imL
2a Fy —Ledt Eye
= — = . 2.10.11
L [(aL+R)2a] (aL + R) ( )
At t =0, the current is continuous and therefore,
. Ey
0=l 10~ 77

If E(t)=0(t), then E(k)= \/% and the solution is obtained by using the

inverse Fourier transform

which is, by the Theorem of Residues,

1
=7 [Residue atk =iR/L]
1 Rt
Thus, the current tends to zero as t — 0o as expected. I

Example 2.10.2 Find the solution of the ordinary differential equation
2

d
—d—;j +atu=f(z), —oco<z<oo (2.10.13)
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by the Fourier transform method.

Application of the Fourier transform to (2.10.13) gives

F(k)

V=

This can readily be inverted by the Convolution Theorem 2.5.5 to obtain
()= 7 F(©)ge — €)de (210.14)
u(z) = — T — , .10.
Vo g

where g(z) =71 {k2+a2 } = \/_exp —alz|) by Example 2.3.2. Thus, the
final solution is

u(x):%/f(f)e_a‘z_g‘ de. (2.10.15)

Example 2.10.3 (The Bernoulli-Euler Beam Equation).

We consider the vertical deflection u(x) of an infinite beam on an elastic
foundation under the action of a prescribed vertical load W (z). The deflection
u(x) satisfies the ordinary differential equation

4

d
EI dZ—I—KJU—W(x), —00 < & < 00. (2.10.16)

where EI is the flexural rigidity and & is the foundation modulus of the
beam. We find the solution assuming that W (z) has a compact support and

u,w’,u”’ u” all tend to zero as |z| — oo.

We first rewrite (2.10.16) as
d*u

ﬁ +a u-w(x) (21017)

where a* = k/EI and w(z) = W (z)/EI. Use of the Fourier transform to (2.10.17)
gives
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The inverse Fourier transform gives the solution

i

= Vo / k4+a4

U 17
= ]ow(g)G(g,x) de, (2.10.18)
where
G, z) = %Z ZZLj;)dk = % ZW (2.10.19)

The integral can be evaluated by the Theorem of Residues or by using the
table of Fourier integrals. We simply state the result

G(E, ) = 2%3 exp <—%|x - §|) sin [CL(L\/_;) + ﬂ . (2.10.20)

In particular, we find the explicit solution due to a concentrated load of unit
strength acting at some point xg, that is, w(xz) = §(x — xp). Then the solution
for this case becomes

= / (€ —x0)G(x, &) dé = G(x, z0). (2.10.21)

Thus, the kernel G(z,£) involved in the solution (2.10.18) has the physical
significance of being the deflection, as a function of x, due to a unit point load
acting at £. Thus, the deflection due to a point load of strength w(€) d¢ at & is
w(€) d§ - G(x, ), and hence, (2.10.18) represents the superposition of all such
incremental deflections.

The reader is referred to a more general dynamic problem of an infinite
Bernoulli-Euler beam with damping and elastic foundation that has been
solved by Stadler and Shreeves (1970), and also by Sheehan and Debnath
(1972). These authors used the Fourier-Laplace transform method to deter-
mine the steady state and the transient solutions of the beam problem.
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2.11 Solutions of Integral Equations

The method of Fourier transforms can be used to solve simple integral equa-
tions of the convolution type. We illustrate the method by examples.

We first solve the Fredholm integral equation with convolution kernel in the
form

/ f@)g(xz —t)dt + Af(z) =u(x), (2.11.1)

where g(z) and u(z) are given functions and X is a known parameter.
Application of the Fourier transform to (2.11.1) gives

V21 F(k)G(k) + AF(k) = U (k).

Or,
U (k)
Flk)= ————F——. 2.11.2
(k) V2rG(k) + A ( )
The inverse Fourier transform leads to a formal solution
zkxdk
(x) 2.11.3
# \/% / \/_ G ( )
In particular, if g(z) =1 so that
G(k)= —i\/gsgn k,
then the solution becomes
zkxdk
2.11.4
f( \/ / A —imsgnk’ ( )

If \=1 and g(z) =3 (Iz_l) so that G(k) =

x

\/— (m), solution (2.11.3) reduces

to the form

1 zkmdk.
fe) = \/%/Zk 1—|—zk)

— L u/ T a Te % eilm
mé Tl (2)) F(Vor e e di

=/ (z) % V2me " = / u'(€) exp(€ — z) dE. (2.11.5)

— 00
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Example 2.11.1 Find the solution of the integral equation

1
/f(x—f)f(ﬁ)dézm. (2.11.6)
Application of the Fourier transform gives
7 e~ alkl
V2rF(k)F(k)=4/=
2 a
Or,
F(k) L e { L |k|} (2.11.7)
= —=exp{ —salk|,. A1,
Voa P2

The inverse Fourier transform gives the solution
11 ] 1
r) = — — exp | ikx — =alk| ) dk
o) = = / p (ko ~ alel)

L 7p (Bra))ais [on{ok(i-i)} o

0

N wlﬁ [<4x24ia2)]:\/g'@x272+a2>'

Using the table B-1 of Fourier transform (see No. 4), we also get the same
result :
=7 YF(k
f(@) {FkR)} = 4952 +a?’

Example 2.11.2 Solve the integral equation

T 1
/ (x f(t))Q_'_aQ S @) b>a>0. (2.11.8)

— 00

Taking the Fourier transform, we obtain

1 7 e bkl
V%F(’“)ﬁ{m}—ﬁ b
7w ekl 7 eIkl
o 3

or,
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Thus,
1 a
Flk)=— (- —k|(b— . 2.11.9
() =—= () exp{- k(b — o)} (2.11.9)
The inverse Fourier transform leads to the solution
a .
flz) = Py explikx — |k|(b — a)]dk

)
)=

{ / exp[—k{(b— a) + ix}|dk + / exp[—k{(b—a) — m;}]] dk

0 0

S A

2
a (b—a)
== ———. 2.11.1
(wb) (b—a)? + a2 ( 0)
[
Example 2.11.3 Solve the integral equation
f(z)+4 / e~ =t f (1) dt = g(x). (2.11.11)

Application of the Fourier transform gives

2a
F(k) + 4VorF(k) — = —G(k
(k) mF(k) \/E(aQ_FkQ) (k)
a? + k?
Fli) = m G k). (2.11.12)
The inverse Fourier transform gives
a +k2 G(k) ikw
@)= /—277/ ey e el L (2.11.13)

In particular, if a =1 and g(z) = e~*! so that G (k) = \/?1+k27 then solution
(2.11.13) becomes

Fla) =2 / o (2.11.14)
Ve k2432 o
For z > 0, we use a semicircular closed contour in the lower half of the complex
plane to evaluate (2.11.14). It turns out that

f(x):le*% (2.11.15)
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Similarly, for x <0, a semicircular closed contour in the upper half of the
complex plane is used to evaluate (2.11.14) so that

f(x):%e%, r<0. (2.11.16)
Thus, the final solution is
f(x):%exp(—3|x|). (2.11.17)
[
——

2.12 Solutions of Partial Differential Equations

In this section we illustrate how the Fourier transform method can be used
to obtain the solution of boundary value and initial value problems for linear
partial differential equations of different kinds.

Example 2.12.1 (Dirichlet’s Problem in the Half-Plane).
We consider the solution of the Laplace equation in the half-plane

Ugy +Uyy =0, —oco<zr<oo, y=>0, (2.12.1)
with the boundary conditions

u(z,0) = f(x), —00 < T < 00, (2.12.2)
u(z,y) =0 as |z| = oo, y—oo0. (2.12.3)

We introduce the Fourier transform with respect to x

Uk,y)= L / e~ *y(z, y)de (2.12.4)
2m
so that (2.12.1)—(2.12.3) becomes
v,
— — = 2.12.
0 kU =0, ( 5)
U(k,0)=F(k), U(k,y)—0 as y — 00. (2.12.6ab)

Thus, the solution of this transformed system is

Ulk,y)=F(k)e Flv. (2.12.7)
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Application of the Convolution Theorem 2.5.5 gives the solution

1 o0
o) = 7= JEGIEEG3 (212.8)
where
1 2
g(z) = FHe MY = \/;ﬁ (2.12.9)
Consequently, the solution (2.12.8) becomes
T d
u(w,y)=% / % y>0. (2.12.10)

— 00

This is the well-known Poisson integral formula in the half-plane. It is noted
that

1 o0
li lim = —— | d{= o(x — &)d
e w,y) = /f Lg&ﬂ' (x—f)Q—l—yQ] ¢ /f(f) (@ = &)de,
(2.12.11)
where Cauchy’s definition of the delta function is used, that is,

5(x—§)zlimg- 1

——- 2.12.12
y—ot m (z—§)2+y? ( )

This may be recognized as a solution of the Laplace equation for a dipole
source at (z,y) = (¢,0).
In particular, when
f(z) =ToH (a — |zl), (2.12.13)

the solution (2.12.10) reduces to

yo [ ds
T J (E—x)? +y?

—a

T —
5 fat (252) -t (22
m Y Y

T, 2
= Opan ! (=), (2.12.14)
m 2 +y? —a?

u(z,y) =

The curves in the upper half-plane for which the steady state temperature is
constant are known as isothermal curves. In this case, these curves represent
a family of circular arcs

2 +y? —ay=ad® (2.12.15)
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>
>

Y
x

-a a

Figure 2.9 A family of circular arcs.

with centers on the y-axis and the fixed end points on the z-axis at = = *+a.
The graphs of the arcs are is displayed in Figure 2.9.
Another special case deals with

f(x)=4d(z). (2.12.16)

The solution for this case follows from (2.12.10) and is

Y 6(df oy 1
“(”C’y)‘w/(m—5>2+y2‘w(m2+y2>'

— 0o

(2.12.17)

Further, we can readily deduce the solution of the Neumann problem in the
half-plane from the solution of the Dirichlet problem.

Example 2.12.2 (Neumann’s Problem in the Half-Plane).
Find a solution of the Laplace equation

Ugy +Uyy =0, —oco<z<oo, y>0, (2.12.18)
with the boundary condition
uy(z,0)= f(z), —oco<z<oo0. (2.12.19)

This condition specifies the normal derivative on the boundary, and physically,
it describes the fluid flow or, heat flux at the boundary.
We define a new function v(z,y) =uy(z,y) so that

Y

u(x,y):/v(x,n)dn, (2.12.20)
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where an arbitrary constant can be added to the right-hand side. Clearly, the
function v satisfies the Laplace equation

T
0x2  Oy? a2 oy oy T Y

with the boundary condition

v(z,0) =uy(z,0) = f(z) for —oo <z < c0.

Thus, v(z,y) satisfies the Laplace equation with the Dirichlet condition on
the boundary. Obviously, the solution is given by (2.12.10); that is,

U(x,y):% / %. (2.12.21)

— 00

Then the solution u(z,y) can be obtained from (2.12.20) in the form

u(w,y)Z/U(x,n)dn:%/ndn/ %
:%/f(é)dé/%, y>0
= % / F(&)log[(z — €)* + y?)dE, (2.12.22)

where an arbitrary constant can be added to this solution. In other words, the
solution of any Neumann problem is uniquely determined up to an arbitrary
constant. I

Example 2.12.3 (The Cauchy Problem for the Diffusion Equation).
We consider the initial value problem for a one-dimensional diffusion equation
with no sources or sinks

Ut = Klgy, —00<x<00, t>0, (2.12.23)
where £ is a diffusivity constant with the initial condition
u(z,0)= f(z), —oo<z<oo. (2.12.24)

We solve this problem using the Fourier transform in the space variable z
defined by (2.12.4). Application of this transform to (2.12.23)—(2.12.24) gives

U, = —kk?U, t>0, (2.12.25)
U(k,0) = F(k). (2.12.26)
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The solution of the transformed system is
Ul(k,t) = F(k) e "+, (2.12.27)

The inverse Fourier transform gives the solution

u(z,t) = % / F (k) exp|(ikx — xk*t)]dk

3

which is, by the Convolution Theorem 2.5.5,

1 o0
-7 / F(©)g(x — £)de, (2.12.28)

where
2

1 T
2)=F e = ex <— > by (2.3.5
g(x) { b= o\ g ) Y (239)
Thus, solution (2.12.28) becomes

/f xp[ (@ ™ &) }dé (2.12.29)

The integrand involved in the solution consists of the initial value f(z) and
Green’s function (or, elementary solution) G(x — £, t) of the diffusion equation
for the infinite interval:

u(z,t) =

Vamkt

G(x_fvt):

exp [— (”34;?2] . (2.12.30)

1
VAarkt

So, in terms of G(z — &, t), solution (2.12.29) can be written as
u(zx, t) = 7 FOG(x —&,t)dE (2.12.31)
so that, in the limit as ¢t — 0+, t;:: formally becomes
u(z, /f hm G(x — &, t)d¢.

The limit of G(z — &, t) represents the Dirac delta function

: 1 (z - ¢)?
lim — . 2.12.32
t—1>0+ 2N/ Kt xp |: 4 Kt ( )

5z — €)=
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Figure 2.10 Graphs of G(z,t) against z.

Graphs of G(x,t) are shown in Figure 2.10 for different values of xt.

It is important to point out that the integrand in (2.12.31) consists of the
initial temperature distribution f(x) and Green’s function G(x — &,t) which
represents the temperature response along the rod at time ¢ due to an initial
unit impulse of heat at z =¢. The physical meaning of the solution (2.12.31)
is that the initial temperature distribution f(z) is decomposed into a spec-
trum of impulses of magnitude f(&) at each point x =¢ to form the resulting
temperature f(€)G(x — &, t). Thus, the resulting temperature is integrated to
find solution (2.12.31). This is called the principle of integral superposition.

We make the change of variable

E—a _ _
S =0 A=

to express solution (2.12.29) in the form

d§
2Vt

17 )
u(z,t) = ﬁ_é f(x + 2kt ¢) exp(—C?)dC. (2.12.33)

The integral solution (2.12.33) or (2.12.29) is called the Poisson integral rep-
resentation of the temperature distribution. This integral is convergent for all
time ¢ > 0, and the integrals obtained from (2.12.33) by differentiation under
the integral sign with respect to x and ¢ are uniformly convergent in the neigh-
borhood of the point (z,t). Hence, the solution u(z,t) and its derivatives of
all orders exist for ¢ > 0.

Finally, we consider a special case involving discontinuous initial condition
in the form

f(z)=ToH(z), (2.12.34)
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where T is a constant. In this case, solution (2.12.29) becomes

8

T — £)2
u(z,t) = exp [—( 4/5) } de. (2.12.35)

Introducing the change of variable n = %, we can express solution (2.12.35)
in the form

o0

u(z,t) = % / e‘"er]z%erfc (—%)
—x/2v/kt
_ D v
=5 [1+erf (NH)] . (2.12.36)

The solution given by equation (2.12.36) with 7o =1 is shown in Figure 2.11.

u(x,t)

Figure 2.11 The time development of solution (2.12.36).

[

If f(xz)=4d(x), then the fundamental solution (2.12.29) is given by

(0.0)= 2= e (- 1)
u(z,t) = exp|—— .
Viar st P\ ant
Example 2.12.4 (The Cauchy Problem for the Wave Equation).
Obtain the d’Alembert solution of the initial value problem for the wave equa-
tion
U = gy, —00<T<00, t>0, (2.12.37)
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with the arbitrary but fixed initial data

u(z,0)=f(z), u(z,0)=g(x), —oo<z<oo. (2.12.38ab)
Application of the Fourier transform % {u(z,t)} = U (k, t) to this system gives
W + kU = 0,

U(k,0)=F(k), a =G(k).
at },_,
The solution of the transformed system is
U(k,t) —A eickt + B e—ickiﬁ7

where A and B are constants to be determined from the transformed data so
that A+ B=F(k) and A — B=5-G(k). Solving for A and B, we obtain

G(k)
2ick

Thus, the inverse Fourier transform of (2.12.39) yields the solution

ulzx 1 ezk x+ct) eik(wfct)
u(z,t) = [ Nors / k){ }dk]

+i {L %{eik(wcw _eik(wct)}dk] . (2.12.40)

1 . ) ) .
Ul(k,t)= §F(k)(ew’” + e ickty ¢ (efeht — gmickty, (2.12.39)

2¢ | /21 ik

—0o0

We use the following results

_ —1 ikx
f@)=F 1 {F(k) r / Fk)d,

_ —1 ikx
g(z)=F {G(}r/ G k),

to obtain the solution in the final form

x+ct
a.t) = glfe =) + fla+ et + 5= / Gk dk / o g
x+ct
= ;[f(33_0t)+f(z+ct)]—|—21 / [\/_/ GMEG(k) dk
1 1 x+ct
=slfl@—ct)+flz+ct)] + o / g(§)d¢. (2.12.41)

x—ct
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This is the well-known d’Alembert solution of the wave equation.

The method and the form of the solution reveal several important features
of the wave equation. First, the method of solution essentially proves the
existence of the d’Alembert solution and the solution is unique provided f(z)
is twice continuously differentiable and g(x) is continuously differentiable.
Second, the terms involving f(x £ ct) in (2.12.41) show that disturbances
are propagated along the characteristics with constant velocity c. Both terms
combined together suggest that the value of the solution at position x and at
time ¢t depends only on the initial values of f(z) at  — ¢t and = + ¢t and the
values of g(x) between these two points. The interval (z — ct, x + ct) is called
the domain of dependence of the variable (z,t). Finally, the solution depends
continuously on the initial data, that is, the problem is well posed. In other
words, a small change in either f(x) or g(x) results in a correspondingly small
change in the solution u(z,t).

In particular, if f(z)=exp(—2?) and g(z)=0, the time development of
solution (2.12.41) with ¢ =1 is shown in Figure 2.12. In this case, the solution
becomes

1
u(z,t) = g[e*@*“z tem(@t)’], (2.12.42)

As shown in Figure 2.12, the initial form f(x)=exp(—x?) is found to split
into two similar waves propagating in opposite direction with unit velocity.

Example 2.12.5 (The Schrodinger Equation in Quantum Mechanics ).
The time-dependent Schrodinger equation of a particle of mass m is

ihiy = [V(x) — %VQ] Y= Hq, (2.12.43)

where h =27l is the Planck constant, ¥(x,t) is the wave function, V' (z) is the
potential, V2 = 88—;2 + 88—52 + 88—; is the three-dimensional Laplacian, and H is
the Hamiltonian.

If V(x) = constant =V, we can seek a plane wave solution of the form

P(x,t) = Aexpli(k - x — wt)], (2.12.44)

where A is a constant amplitude, k = (k, [, m) is the wavenumber vector, and
w is the frequency.

Substituting this solution into (2.12.43), we conclude that this solution is
possible provided the following relation is satisfied:

h2
ih(—iw)=V — %(m)% K2 =k + 1% +m?
Or,
h2 2
=V + . (2.12.45)

2m
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u(x,3)

Figure 2.12 The time development of solution (2.12.42).

This is called the dispersion relation and shows that the sum of the potential

energy V and the kinetic energy % is equal to the total energy Aw. Further,

the kinetic energy
2

! P
—(hK)* = — 2.12.46
()P =2, (2.12.46)
where p = fix is the momentum of the particle.
The phase velocity, C}, and the group velocity, Cy of the wave are defined

by

K.E =

O = % i, Cy=Vew(k), (2.12.47ab)

where k is the wavenumber vector and x = |k| and & is the unit wavenumber
vector.
In the one-dimensional case, the phase velocity is

C, = % (2.12.48)

and the group velocity is
ow hk p mv
Cj=—F—=—=—=—=n0. 2.12.49
T T m om v ( )

This shows that the group velocity is equal to the classical particle velocity v.
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We now use the Fourier transform method to solve the one-dimensional
Schrodinger equation for a free particle (V =0), that is,

h2

Zhll)t = —%L/)xr, —o0 < T <00, t>0, (21250)

P(x,0) = YPo(z), —oc0o<z<00, (2.12.51)

Y(x,t) =0 as |z| — oo. (2.12.52)

Application of the Fourier transform to (2.12.50)—(2.12.52) gives

hk?

\Iftz—ZQ—\If, U(k,0) = Wo (k). (2.12.53)
m

The solution of this transformed system is
h
U(k,t) =Wy (k)exp(—iak?®t), o= T (2.12.54)
The inverse Fourier transform gives the formal solution
U(x,t) = FH{Uo(k) exp(—iak®t)},

which is, by the convolution theorem 2.5.5,

vlat) = 5 [ Bal€)gla i (212.55)
where
2
g(x) =F Hexp(—iak?t)} = 5 exp(—ﬁ).
Consequently,
17 i(z —€)?
Y(z,t) = Vimiai / o (&) exp (—W> dg§
i 7 o )2
- \}?;t Wo(€) exp <—%) e, (2.12.56)

This is the integral solution of the problem. I

Example 2.12.6 (Slowing Down of Neutrons).

We consider the problem of slowing down neutrons in an infinite medium with

a source of neutrons governed by
Ut = Ugg + 0(2)0(t), —oc0<z <00, ¢>0, (2.12.57)
u(z,0)=0(z), —oco<z<o0, (2.12.58)
u(z,t) =0 as |z| — oo for t >0, (2.12.59)
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where wu(z,t) represents the number of neutrons per unit volume per unit
time, which reach the age ¢, and 6(x)d(¢) is the source function.
Application of the Fourier transform method gives

aUu 1

— + KU = — (¢
1
U(k,0) = ——.
(%.0) V2r

The solution of this transformed system is
1 2
Uk,t)=——=e %1,
(k1) = —=

and the inverse Fourier transform gives the solution

o0

L ikz—k>t L -1 [ -kt
) =— [ et Figy=—F
ulet) 27r/6 oz {1}

— 0o

1 x?

Example 2.12.7 (One-Dimensional Wave Equation).
Obtain the solution of the one-dimensional wave equation

U = ClUpy, —00<T <00, t>0, (2.12.61)

u(z,0)=0, u(z,0)=4d(z), —oco<z<o0. (2.12.62ab)
Making reference to Example 2.12.4, we find f(z) =0 and g(x)=4d(x) so
that F'(k)=0 and G(k) = % The solution for U(k,t) is given by
1 pickt  p—ickt
2627 [ ik ik ]

Thus, the inverse Fourier transform gives
1 eickt efickt
u(z,t) = F1 { — — — }
(1) 227 ik ik
! {\/?{s (x +ct) — sgn( ct)}}
= — —{sgn(x —sgn(x —
2cV2m g 18 s

1
iy [sgn(x + ct) — sgn(x — ct)]
c
1-1
" =0, J|z|>ct>0

1+1

Uk, t) =

L hl<a
4c 2¢’ s et
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In other words, the solution can be written in the form

1
u(z, t) = 2—CH(62t2 —2?).

Example 2.12.8 (Linearized Shallow Water Equations in a Rotating Ocean).
The horizontal equations of motion of a uniformly rotating inviscid homoge-
neous ocean of constant depth h are

U — fu=—gng, (2.12.63)
v+ fu=0, (2.12.64)
n + huy, = 0, (2.12.65)

where f=2Qsin@ is the Coriolis parameter, which is constant in the present
problem, g is the acceleration due to gravity, n(z,t) is the free surface eleva-
tion, u(x,t) and v(x,t) are the velocity fields. The wave motion is generated
by the prescribed free surface elevation at ¢ =0 so that the initial conditions
are

u(z,0)=0, v(z,0)=0, n(z,0) =noH (a — |z|), (2.12.66abc)

and the velocity fields and free surface elevation function vanish at infinity.
We apply the Fourier transform with respect to = defined by

1T
F{f(x,t)} =F(k,t)= — /e*“‘” z,t)dz 2.12.67
{f(z,1)} = F(k,1) Nor: f(z,1) ( )
to the system (2.12.63)—(2.12.65) so that the system becomes
au
— — fV = —gikE
Tt gi
av
—+fU=0
ar
dE
— = —hikU
dt '

Ulk,0)=0=V(k,0), E(k,0)= \/?no (Smkak) , (2.12.68abc)
™

where E(k,t) = F{n(z,t)}.
Elimination of U and V from the transformed system gives a single equation

for E(k,t) as
d*E 2 dE

e =0 2.12.6
a Y o ( 9
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where w? = (f? + ¢®k?) and ¢® = gh. The general solution of (2.12.69) is
E(k,t)=A+ Bcoswt + Csinwt, (2.12.70)

where A, B, and C are arbitrary constants to be determined from (2.12.68c)

and
d*E 9.9 99 \/5 sin ak
hadliand - E - N
(dt2>t_0 c*k*E(k,0) c’k — 10—
2 sin ak k>
p=yon (5) (%)

Also (42),_, =0 gives C =0 and (2.12.68c) implies A+ B= \/%770%-
Consequently, the solution (2.12.70) becomes

which gives

2 sinak\ f%+ c2k? coswt
E(k,t)=1/— . 2.12.71
(k. 1) J;m( A ) e (2.12.71)

Similarly

2 nosinak  c?sinwt
=4/ — . 2.12.72
Uk =\ T Em (21272

1 /dU

kt)=—-— ik E ). 2.12.73
Vo = (% +oinp) (2.12.73)

The inverse Fourier transform gives the formal solution for n(z,t)

Mo T sinak 2+ k% coswt 4,
1) = (—) / : i g, 2.12.74
n(z,t) - i (2 + 2k2) € ( )
Similar integral expressions for u(z,t) and v(x,t) can be obtained. 0

Example 2.12.9 (Sound Waves Induced by a Spherical Body).

We consider propagation of sound waves in an unbounded fluid medium gen-
erated by an impulsive radial acceleration of a sphere of radius a. Such waves
are assumed to be spherically symmetric and the associated velocity potential
on the pressure field p(r, t) satisfies the wave equation

9%p 10 Op
WZCQ {725 (7‘25)} , (2.12.75)

where c is the speed of sound. The boundary condition required for the prob-
lem is

1 (Op\ _
p <5) =—agd(t) on r=a, (2.12.76)
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where pg is the mean density of the fluid and ag is a constant.
Application of the Fourier transform of p(r,t) with respect to time ¢ gives

1d [ ,dP\
dP _ aopo

— = , onr=a, 2.12.78
dr Vor ( )
where .Z{p(r,t)} = P(r,w) and k% = “CJ—;

The general solution of (2.12.77)—(2.12.78) is

A, B
P(r,w) = —e*r 4 Ze ik (2.12.79)
r r
where A and B are arbitrary constants.
The inverse Fourier transform gives the solution

1[4, B,
rt)=——= [ |Zel@tthn) L Zpilwt=kn ] g, 2.12.80
p(r,t) %/L . ( )

The first term of the integrand represents incoming spherical waves generated
at infinity and the second term corresponds to outgoing spherical waves due to
the impulsive radial acceleration of the sphere. Since there is no disturbance at
infinity, we impose the Sommerfeld radiation condition at infinity to eliminate
the incoming waves so that A=0, and B is calculated using (2.12.78). Thus,
the inverse Fourier transform gives the formal solution

oo

plr,t) = (a(;’;ff)_/ &P [iozl{i_g” . (2.12.81)

C

We next choose a closed contour with a semicircle in the upper half plane
and the real w-axis. Using the Cauchy theory of residues, we calculate the
residue contribution from the pole at w=1ic/a. Finally, it turns out that the
final solution is

u(r,t):(w) exp [—2 (t_r;aﬂ H(t—ta). (2.12.82)

[

Example 2.12.10 (The Linearized Korteweg-de Vries Equation).
The linearized KdV equation for the free surface elevation n(x,t) in an inviscid
water of constant depth h is

h2
N+ eng + %nwwwzo, —oco<xr<oo, t>0, (2.12.83)
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where ¢ =+/gh is the shallow water speed.
Solve equation (2.12.83) with the initial condition

n(z,0) = f(x), —oo<x<o0. (2.12.84)

Application of the Fourier transform % {n(z,t)} = E(k,t) to the KdV sys-
tem gives the solution for F(k,t) in the form

k%h?
E(k,t)=F(k)exp [ikzct < 6 1)} .
The inverse transform gives

n(x,t) = \/Lz_w 7 F(k)exp {zk {(a: —ct) + (%}12) kZH dk.  (2.12.85)

In particular, if f(xz)=0(z), then (2.12.85) reduces to the Airy integral

n(x,t) = % 7008 {k(x —ct) + (?) k3] dk (2.12.86)
0

which is, in terms of the Airy function,

_ (#>_%Ai (?y (a:—ct)], (2.12.87)

where the Airy function Ai(az) is defined by

1T K 17 &
—o0 0

(2.12.88)

Example 2.12.11 (Biharmonic Equation in Fluid Mechanics).

Usually, the biharmonic equation arises in fluid mechanics and in elasticity.
The equation can readily be solved by using the Fourier transform method.
We first derive a biharmonic equation from the Navier-Stokes equations of
motion in a viscous fluid which is given by

0 1

U L (u-V)u=F — ~Vp+ V2, (2.12.89)
ot p

where u = (u, v, w) is the velocity field, F is the external force per unit mass
of the fluid, p is the pressure, p is the density and v is the kinematic viscosity
of the fluid.
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The conservation of mass of an incompressible fluid is described by the
continuity equation
div u=0. (2.12.90)

In terms of some representative length scale L and velocity scale U, it is
convenient to introduce the nondimensional flow variables

X Ut u P
xX==, == u=— =
V=

L’ L’ U’
In terms of these nondimensional variables, equation (2.12.89) without the
external force can be written, dropping the primes, as
0 1
8_1; + (1 V)u=—Vp+ - Vu, (2.12.92)
where R=UL/v is called the Reynolds number. Physically, it measures the
ratio of inertial forces of the order U?/L to viscous forces of the order vU/L?,
and it has special dynamical significance. This is one of the most fundamental
nondimensional parameters for the specification of the dynamical state of
viscous flow fields.
In the absence of the external force, F =0, it is preferable to write the
Navier-Stokes equations (2.12.89) in the form (since u X w=1Vu? —u-Vu)

(2.12.91)

0 1
8—‘: CuXw=-V <% + §u2) — UV, (2.12.93)
where w = curl u is the vorticity vector and u? = u - u.

We can eliminate the pressure p from (2.12.93) by taking the curl of (2.12.93),
giving

%—": —curl(u x w) =vV3w (2.12.94)
which becomes, by div u=0 and div w =0,
%—L::(w V)u—(u-V)w+ rViw. (2.12.95)

This is universally known as the vorticity transport equation. The left-hand
side represents the rate of change of vorticity. The first two terms on the
right-hand side represent the rate of change of vorticity due to stretching and
twisting of vortex lines. The last term describes the diffusion of vorticity by
molecular viscosity.
In case of two-dimensional flow, (w - V)u=0, equation (2.12.95) becomes
% = %—‘: (u-V)w=vVw, (2.12.96)
where u= (u, v,0) and w = (0,0, ¢), and { = v, — u,. Equation (2.12.96) shows
that only convection and conduction occur. In terms of the stream function
¥(z,y) where
u=1y,, v= -1, w=-V, (2.12.97)
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which satisfy (2.12.90) identically, equation (2.12.96) assumes the form

0 oY o oY 0

— (V? —— - — |V =vV' 2.12.98

5 (70 + (5 L) vro—rviy (212.98)
In case of slow motion (velocity is small) or in case of a very viscous fluid

(v very large), the Reynolds number R is very small. For a steady flow in such

cases of an incompressible viscous fluid, % =0, while (u-V)w is negligible

in comparison with the viscous term. Consequently, (2.12.98) reduces to the

standard biharmonic equation
Vi =0. (2.12.99)
Or, more explicitly,
V2(VA)Y = Vuzaa + 20sayy + Yyyyy = 0. (2.12.100)

We solve this equation in a semi-infinite viscous fluid bounded by an in-
finite horizontal plate at y =0, and the fluid is introduced normally with a
prescribed velocity through a strip —a < « < a of the plate. Thus, the required
boundary conditions are

_0% _

0
u= 9y vza—f:H(a—MDf(x) ony=0, (2.12.101ab)
where f(z) is a given function of z.

Furthermore, the fluid is assumed to be at rest at large distances from the

plate, that is,
(Yz,%y) = (0,0) asy—o0 for —oo <z < 0. (2.12.102)

To solve the biharmonic equation (2.12.100) with the boundary conditions
(2.12.101ab) and (2.12.102), we introduce the Fourier transform with respect
to x

I
Uk, y)=— [ e *(x,y)d. 2.12.103
() == [ e uta) (21210
Thus, the Fourier transformed problem is
2L\
— —k U(k,y)=0, 2.12.104
(s - #2) i) (212.104)
av .
o =0, (ik)¥=F(k), y=0, (2.12.105ab)

where

F(k):\/%_7T /e*“@ﬂﬂf(x)dx. (2.12.106)



94 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

In view of the Fourier transform of (2.12.102), the bounded solution of
(2.12.104) is
U(k,y)=(A+ Blkly) exp(—|kly), (2.12.107)
where A and B can be determined from (2.12.105ab) so that A= B = (ik) ' F (k).
Consequently, the solution (2.12.107) becomes

U(k,y) = (ik) "' (1 + |k|y) F (k) exp(—|k|y). (2.12.108)
The inverse Fourier transform gives the formal solution
1 o0
o / F(k)G(k) exp(ikz)dk, (2.12.109)
where
G (k) = (ik) (1 + [kly) exp(—|kly)
so that

9(x) = F7HG(k)} =7~ {(ik) " exp(—|k|y)}
+y FH(ik) 7 k| exp(—[kly)}
= Z7 k exp(—ky)} +y FHe MY,

S

which is, by (2.13.7) and (2.13.8),

2 1z \/5 Ty
=4/ = - —_ 2.12.11
\/;tan <y) M) ( 0

Using the Convolution Theorem 2.5.5 in (2.12.109) gives the final solution

Ll (8, e
P(z,y) = ;/ flz—¢) [tan L <§) + §2Z—y2] d¢. (2.12.111)
In particular, if f(x)=4(x), then solution (2.12.111) becomes
1 _
V(@ y)=— {tan 1 (%) + xQ?—/yQ] : (2.12.112)

The velocity fields u and v can be determined from (2.12.112). ]

Example 2.12.12 (Biharmonic Equation in Elasticity).

We derive the biharmonic equation in elasticity from the two-dimensional
equilibrium equations and the compatibility condition. In two-dimensional
elastic medium, the strain components e,,, €5y, €yy in terms of the displace-
ment functions (u,v,0) are

_ Ou ov 1 <5u 61))

Tz = =2z, ey== |7+ 5 2.12.113
€ oz’ W Jy Coy =y 8y+3x ( )
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Differentiating these results gives the compatibility condition
0%an 4 Peyy _ 32617;.
0y? Ox? Oxdy

In terms of the Poisson ratio v and Young’s modulus E of the elastic ma-

terial, the strain component in the z direction is expressed in terms of stress
components

(2.12.114)

Ee,, =0, — V(0gz + 0yy). (2.12.115)
In the case of plane strain, e,, =0, so that
Oz =V(0gaz + Oyy). (2.12.116)

Substituting this result in other stress-strain relations, we obtain the strain

components €.z, €zy, €yy that are related to stress components o4, 02y, Tyy
by

Eeyy = 04y — V(0yy +022) = (1 — V2) sy — v(1 +v)oy,, (2.12.117)
Eeyy = 0yy — V(0we +0.2) =1 =10y, —v(1 +1)0ss, (2.12.118)
Feyy = (14 1)0gy. (2.12.119)

Putting (2.12.117)—(2.12.119) into (2.12.114) gives

0? 52
81/2 [wa - V(Uyy + Uzz)] + —8332 [Uyy — V(wa + Uzz)]
0204y
= 2(1 + U)—axay . (2.12.120)

The basic differential equations for the stress components o4, 0yy, 0y in
the medium under the action of body forces X and Y are

005y 004y 2

X = p— 2.12.121
5 T 9y +p P ( )
00zy  O0yy 2

Y = p—0 2.12.122
5 T By +PY = pas ( )

where p is the mass density of the elastic material.
The equilibrium equations follow from (2.12.121)—(2.12.122) in the absence
of the body forces (X =Y =0) as

0

T Ozz + 502y =0, 2.12.123
9z’ + 8y0 Y ( )
9] 9]
357+ 50w =0 (2.12.124)
It is obvious that the expressions
2 2 2
O°x __9x Ox (2.12.125)

e = oy?’ Toy =7 dzdy’ T
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satisfy the equilibrium equations for any arbitrary function x(z,y). Substi-
tuting from equations (2.12.125) into the compatibility condition (2.12.120),
we see that y must satisfy the biharmonic equation

64X 84X 64X

—Z 4o~ 2 472, 2.12.126
Ox? + Ox20y>? + Oy* ( )
which may be written symbolically as

Vix=0. (2.12.127)

The function y was first introduced by Airy in 1862 and is known as the
Airy stress function.

We determine the stress distribution in a semi-infinite elastic medium boun-
ded by an infinite plane at x =0 due to an external pressure to its surface.
The z-axis is normal to this plane and assumed positive in the direction into
the medium. We assume that the external surface pressure p varies along the
surface so that the boundary conditions are

Opz=—D(Y), 0zy=0 onz=0 forallyin (—oo,00). (2.12.128)

We derive solutions so that stress components 0.z, 0yy, and o4y all vanish
as x — 00.

In order to solve the biharmonic equation (2.12.127), we introduce the
Fourier transform X(z,k) of the Airy stress function with respect to y so
that (2.12.127)—(2.12.128) reduce to

2N\

(@—k> X =0, (2.12.129)

k2 (0,k)=p(k), (ik) <Z—X) =0, (2.12.130)
€T x=0

where p(k) =.Z{p(y)}. The bounded solution of the transformed problem is
x(x, k) = (A + Bzx) exp(—|k|x), (2.12.131)

where A and B are constants of integration to be determined from (2.12.130).
It turns out that A=p(k)/k* and B =p(k)/|k| and hence, the solution be-
comes

)Z(x,k)z%{l—k ||z} exp(—|k|z). (2.12.132)

The inverse Fourier transform yields the formal solution

1

x(:my) = a0

= @(1 + |k|z) exp(iky — |k|x)dk. (2.12.133)

2

\8
S

8
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The stress components are obtained from (2.12.125) in the form

Oue(T,y) = —# E*X(z, k) exp(iky)dk, (2.12.134)
17 (dy .
Ozy(,y) = 5 (ik) T exp(iky)dk, (2.12.135)
1 d*x ‘
oyy(z,y) = Ner / ) exp(iky)dk, (2.12.136)

where x(z, k) are given by (2.12.132). In particular, if p(y) = Pd(y) so that
p(k) = P(27)~ 2. Consequently, from (2.12.133)—(2.12.136) we obtain

P
Xy) = o / 2(1 + k) exp(iky — [k|z)dk

= ;/k’Q(l + k) cos ky exp(—kx)dk. (2.12.137)

Opy = —;7(14-/695)61” oS kydk:—mzpif;y. (2.12.138)
0

Ozy = —% 7ksin ky exp(—kxz)dk = _7T(j57j-2yyz)2' (2.12.139)

Oyy = —; 7(1 — kx) exp(—kx) cosky dk = _77(33257—76—::) (2.12.140)
0

Another physically realistic pressure distribution is

p(y)=PH(|a| —y), (2.12.141)

\/7— sin ak. (2.12.142)

Substituting this value for p(k) into (2.12.133)—(2.12.136), we obtain the in-
tegral expression for x, 0z, 0zy, and oy,.

It is noted here that if a point force of magnitude Py acts at the origin
located on the boundary, then we put P =(Py/2a) in (2.12.142) and find

B(k) = Tim /220 (Smak) _ B (2.12.143)

where P is a constant, so that

a—0 2 ak V2T
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Thus, the stress components can also be written in this case. I

2.13 Fourier Cosine and Sine Transforms with Examples

The Fourier cosine integral formula (2.2.8) leads to the Fourier cosine trans-
form and its inverse defined by

FAf(x)}=F.(k) = \/gjocos kx f(z)dx, (2.13.1)
FHE(k \/7/cos kx F,( (2.13.2)

where %, is the Fourier cosine transform operator and %!

. 1s its inverse
operator.

Similarly, the Fourier sine integral formula (2.2.9) leads to the Fourier sine
transform and its inverse defined by

F{f(x)}=Fs(k) = \/gjosinkxf(x)dx, (2.13.3)
FHF(k \/7/8111163‘ Fy( (2.13.4)

where Z; is the Fourier sine transform operator and %! is its inverse.

Example 2.13.1 Show that

(a) 3&1{5%}:@@, (a>0). (2.13.5)

(b) ﬂs{e‘“}:\/gﬁ, (a>0). (2.13.6)
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We have
_ 37
Fele '} = \/;/8 % coskx dx
0
12 [ s |
— 5\/;/[6—((1—1]6)1 + e—(a+1k)z]dir
0
1 /2 1 1 2 a
gzc —axy _ — [2 | __~ _ < '
e 2\/;L—ik+a+z’k] \/;(cﬂ—i—k?)
The proof of the other result is similar and hence left to the reader. I

Using the above results with the Fourier cosine and sine inverse transfor-
mations and an interchange of variables, we find that

According to the Fourier cosine and sine inverse transformations, we write

:_a/ Obkx /kblnkxdk 0> 0.
T
0

+a2 k% 4 a?
0

Interchanging x and k, these results become

oo

oo
2a cos kx 2 rsinkx
= — - ——dx
s 24+ a2 T ) 22+a?
0 0

Thus, it follows that

z \/>/ cos ka: _ )27 a7 e~k
V(22 +a?) a2 22 4 a? a2 7 2a 2 a

> xsin kx \/?_ _ T —ak

‘/{(xZ—i—a?} \/7/9624_&2 e 26 .

Example 2.13.2 Show that

F1 {% exp(—sk)} - \/gtanl (f) . (2.13.7)
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We have the standard definite integral
zfg"*l{ezxp(—sk)}:/exp(—sk) sin kz dk = ——— | (2.13.8)
2°° s2 + a?
0

Integrating both sides with respect to s from s to oo gives

Ooe_Sk . T xds 1 87
/ L smkxdk—/m—[‘can E:|S
0 s
- g ~ tan™! (2) — tan™! (f) . (213.9)
Thus,
S R Y I PR
Z, exp(—sk) p = exp(—sk) sin zk dk
k ) k
0
/2 /(7
—\/;ta“ (5):
[

Example 2.13.3 Show that

Fderfe(ax)} = \/%% {1 — exp <_4k752>} . (2.13.10)
We have

F{erfe(ax)} = \/g/ erfe(ax) sin kx dx
0

02 T T
i/sinkxdx/e_t dt.
T
0

axr

Interchanging the order of integration, we obtain
t/a

02 [
F{erflax)}y = == [ exp(—t?)dt | sinkxdx
e

0

L/H{ G

£ ()]

S

2v2
wk

 4a?
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Thus,
Fo{erfeaz)} = \/% [1 ~exp <_4’“_;)] .
I

2.14 Properties of Fourier Cosine and Sine Transforms

THEOREM 2.14.1 If #.{f(z)} =F.(k) and F:{f(x)} = Fs(k), then

1 k
gzc{f(a,x)}:aFc <a> , a>0. (2.14.1)
7 _lp (F
Js{f(ax)}—aFS <a> , a>0. (2.14.2)
Under appropriate conditions, the following properties also hold:
FAf ()} =k Fs(k) — \/gf(o), (2.14.3)
F{f" ()} = —k* Fo(k) - \/gf’(o), (2.14.4)
T f'(x)} = —k Fu(k), (2.14.5)
FAf" (@)} = —k* Fy(k) + \/gk-f(()). (2.14.6)

These results can be generalized for the cosine and sine transforms of higher-
order derivatives of a function. They are left as exercises.

THEOREM 2.14.2 (Convolution Theorem for the Fourier Cosine Trans-

form).
If ZA{f(x)} =Fe(k) and F.{g(x)} = G.(k), then

FUE(K)Go(k)} = —— / F©Olg(e +6) +gllz—€Dlde.  (214.7)
0

Or, equivalently,

o0

[ EwGe) coske k=3 [ 1(©)lota+€) +glle — ehlds. (2.148)
0

0
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PROOF  Using the definition of the inverse Fourier cosine transform, we

have
ﬁ;l{Fc(k) _ \/g/ ) cos kx dk
0
2) 7 r
— (— Ge(k)coskx dk | f(€)coské dE.
WO/ 0/
Hence,

FUEL (k)G ()} :( )/f dg/comxcomgc( )k

\/7/f dg\/7/c05kx+£ )+ cos k(| — £])|Ge(k)dk

\/—/f (z+€) + g(lz — E))de,

in which the definition of the inverse Fourier cosine transform is used. This

proves (2.14.7).
It also follows from the proof of Theorem 2.14.2 that

o0

0

This proves result (2.14.8).
Putting 2 =0 in (2.14.8), we obtain

O/FcUc) )k = 0/f €)de = /f

Substituting g(x) = f(z) gives, since G (k) = F.(k),

70|Fc(/€)|2dk: 7|f(x)|2da:.
0 0

This is the Parseval relation for the Fourier cosine transform.

[ FwGe) coskadk =5 [ 1(©)lata+ € + gl — €Dl
0

(2.14.9)
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Similarly, we obtain

/ Fq(k ) cos kx dk
0

2 oo
=4/= | Gs(k)coskxzdk | f(&)sinkEdE
p O/ Z)/

which is, by interchanging the order of integration,

7 [ r .
\/; 0/ F(€)de O/ G (k) sin k€ cos ka dk

o0

/ f(&)ds\/g 7Gs(k)[sink(§ ) -+ sin k(€ — )]k
0

F©lg(€ +z) +g(§ — x)]d¢,

N~

I
N =
0\8 =]

in which the inverse Fourier sine transform is used. Thus, we find

/FS )cos kx dk = = /f g€+ x) + g€ — x)]dE. (2.14.10)
0

Or, equivalently,
FHF (k)G \/—_O/ g€+ )+ g(& — z)]dE. (2.14.11)

Result (2.14.10) or (2.14.11) is also called the Conwvolution Theorem of the
Fourier cosine transform.
Putting =0 in (2.14.10) gives

O/FSUc) K)dk = 0/f €)de = /f

Replacing g(z) by f(z) gives the Parseval relation for the Fourier sine trans-
form

/|Fs(k)|2dk:/|f(x)|2d;v. (2.14.12)
0 0
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2.15 Applications of Fourier Cosine and Sine
Transforms to Partial Differential Equations

Example 2.15.1 (One-Dimensional Diffusion Equation on a Half Line).
Consider the initial-boundary value problem for the one-dimensional diffusion
equation in 0 < x < oo with no sources or sinks:

ou 0%u
Ezﬁiw, O<$<OO, t>0, (2151)
where k is a constant, with the initial condition
u(z,0)=0, 0<z<oo, (2.15.2)
and the boundary conditions
(a) u(0,t)=f(t), t>0, wu(z,t)—0 asx— oo, (2.15.3)
or,
(b) uz(0,8)=f(t), t>0, wu(z,t)—0 asz— 0. (2.15.4)

This problem with the boundary conditions (2.15.3) is solved by using the
Fourier sine transform

2 oo
Us(k,t)= \/j/sin kxu(x,t)de.
7
0

Application of the Fourier sine transform gives

dgs = —kk?Ug(k,t) + \/gmkf(t), (2.15.5)
U,(k,0) = 0. (2.15.6)

The bounded solution of this differential system with Ug(k,0) =0 is

Us(k,t) = \/g/ik /f(T) exp[—k(t — 7)k*] dr. (2.15.7)
0

The inverse transform gives the solution

u(z, t) = \/gﬁ/f(T)ﬁsl{k exp[—r(t — 7)k?]}dr
0

_ \/Z%O/tf(ﬂ exp [_%(i T)] - _d:)w (2.15.8)



Fourier Transforms and Their Applications

in which Z; {k exp(—txk?)} = 75 %ﬁ{f’m is used.

In particular, f(t) =Ty = constant, (2.15.7) reduces to

U, (k1) = \/271;0 [ — exp(—rt k2)].

Inversion gives the solution

u(z,t) = (2—TO> fsinkkgc[l —exp(—rtk?)]dk.
0

™

Making use of the integral

o0

_ k242 sin kx _E i
/e k dk‘2e’"f(2a)’

0

the solution becomes

where the error function, erf(x) is defined by

erf(x G da,
5]

so that

105

(2.15.9)

(2.15.10)

(2.15.11)

(2.15.12)

(2.15.13)

erf(0) =0, erf(co \/_/ e da=1, and erf(—x)=—erf(x),

and the complementary error function, erfc(x) is defined by

erfe(x)=1— erf(x 2 /eo‘da

:]

so that
erfe(x) =1—erflz), erfe(0)=1, erfc(oco)=0,

and

erfe(—x)=1—erf(—x) =1+ erf(x) =2 — erfe(x).

(2.15.14)
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Equation (2.15.1) with boundary condition (2.15.4) is solved by the Fourier

cosine transform -
2
Uc(k,t) =1/ = /cos kxu(zx,t)dx
T
0

Application of this transform to (2.15.1) gives

dgc K Uc:—\/gnf(t). (2.15.15)

The solution of (2.15.15) with U.(k,0) =0 is
5 ¢
Uc(k,t)z—\/jK/f(T) exp[—k?k(t — 7)]dT. (2.15.16)
7r
0

FHexp(—tkk?)} =

Since

L. ( v’ ) (2.15.17)
xp|—— 1, 15.
V2Kt P\ "kt

the inverse Fourier cosine transform gives the final form of the solution

$2

u(z, t) \/7/\/? {45;(75—7)}‘17' (2.15.18)

Example 2.15.2 (The Laplace Equation in the Quarter Plane).
Solve the Laplace equation

Ugz + Uyy =0, 0<z, y<oo, (2.15.19)

with the boundary conditions

u(0,y)=a, u(z,0)=0, (2.15.20a)
Vu—0 asr=+/22+y%— o0, (2.15.20Db)

where a is a constant.
We apply the Fourier sine transform with respect to « to find

d2U \/5
2 —k*Us+ (/= ka=0.
e Us + —ka

The solution of this inhomogeneous equation is

2 a
= Ae kv
Us(k,y) = Ae +\/; T
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where A is a constant to be determined from Us(k,0) =0. Consequently,

Us(k,y):%\/g(l — k), (2.15.21)

The inverse transformation gives the formal solution

>‘|@

O01
/E 1—e ") sinkx dk
0

Or,
9 | [ sink 71
u(%y):?a /sm L /E —kY sin ka dk
0
2 2
_ __“(E_tn E):_“tan (3) (2.15.22)
™ \2 T T T

in which (2.13.9) is used. ]

Example 2.15.3 (The Laplace Equation in a Semi-Infinite Strip with the
Dirichlet Data).

Solve the Laplace equation
Ugy +Uyy =0, 0<z <00, 0<y<b, (2.15.23)
with the boundary conditions

u(0,y) =0, u(z,y) >0 as z—oofor 0<y<bd (2.15.24)
u(z,b) =0, u(z,0)=f(zx) for 0<z<oo. (2.15.25)

In view of the Dirichlet data, the Fourier sine transform with respect to
2 can be used to solve this problem. Applying the Fourier sine transform to
(2.15.23)—(2.15.25) gives

a2 U,
— KU, = 2.15.2
i U, =0, (2.15.26)
U,(k,b) =0, Us(k,0)=F,(k). (2.15.27)
The solution of (2.15.26) with (2.15.27) is
Us (ks y) = Fo () S2EC —9)] (2.15.28)

sinh kb
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The inverse Fourier sine transform gives the formal solution

B sinh[k(b —y)]
u(z,y) = \/7/ inh b sin kx dk

sinh[k(b — y)]
//f )sinkl di S D sin kz dk. (2.15.29)

0

In the limit as kb— oo, W ~ exp(—ky), hence the above problem re-
duces to the corresponding problem in the quarter plane, 0 <z <00,0<y <
00. Thus, solution (2.15.29) becomes

2 o0
u(z,y) == [ f(1)dl [ sinklsinkxexp(—ky)dk
o]
= %/f(l)dl/{cosk(ﬁc —1) —cosk(z + 1)} exp(—ky)dk
0 0
1 o0
- E/f(l) |:($_l)y2+y2 - (x+z§2+y2 dl. (2.15.30)
0

This is the exact integral solution of the problem. If f(z) is an odd function
of z, then solution (2.15.30) reduces to the solution (2.12.10) of the same
problem in the half plane.

2.16 Evaluation of Definite Integrals

The Fourier transform can be employed to evaluate certain definite integrals.
Although the method of evaluation may not be very rigorous, it is quite simple
and straightforward. The method can be illustrated by means of examples.

Example 2.16.1 Evaluate the integral

o0

dx
I(a,b) = 0,b>0. 2.16.1
(@9) /(x2+a2)(a:2+b2)’ R (2.16.1)

—0o0

o—alkl

If we write f(z)= wg—iaz and g(z) = ﬁ so that F(k)=./%

a
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\/feiz‘k‘ and use the formula (2.5.19), we obtain

7 F(2)g(—z)dz = /OO F(k)G(k)dk

= T e lklatb) g

2ab

— 00

l ~(atdkgp T
ab / ¢ abla+b)’
0

This is the desired result. Further

70 dz B s
(22 +a2)(z2 +b2)  2ab(a+b)
0

Example 2.16.2 Show that

oo

xz Pdx s s
—_ L+ g ( p)
/(a2+x2) 20, sec 5 )

0

We write

a

flx)=e"% sothat F.(k)= \/gm

g(x)=2P"1 sothat G.(k)= \/gk_pl"(p) cos (7r_2p) .

Using Parseval’s result for the Fourier cosine transform gives

[ EwG = [ s
0 0

Or,

109

(2.16.2)

(2.16.3)

(2.16.4)
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Thus,
[ krdk o« ()
a2+ k2 2qrt! el )
0
1
Example 2.16.3 If a > 0,b>0, show that
7 2% dx i
= . 2.16.5
/ (a2 +22)(b2+22)  2(a+Db) ( )
0

We consider

2k
Z —ary —_—— =
F{e }_\/;k2+a2 F, (k)
by 2R
Fde ™ =\ g = Cah).

Then the Convolution Theorem for the Fourier cosine transform gives

70Fs coskwdk——fg(f)[f(§+ﬂr)+f(§—$)]d€-
6 b
Putting = =0 gives
7Fs(k)Gs(k)dk = /OO (&) f(&)d,
6 i
or,
/ o ;2 d:2 ) 5 /6_(a+b)gd5 = 2(a7:— b’
i i
1
Example 2.16.4 Show that
/ = +a2 27;) a>0. (2.16.6)
i

We write f(x) = m so that f'(2) = — iy, and F{f(x)} = F(k) =

\/§ (211) exp(—alkl).



Fourier Transforms and Their Applications 111

Making reference to the Parseval relation (2.4.19), we obtain

/ (@) = / T (@)} Pk = / (k) F{ £ ()} [2dk.

Thus,
T z? m T 1
———dr ==~ [ k. —2alk|)dk
/(a:2+a2)4 ! 2/ @aye P 2alk)
== /kZexp(—2ak)dk: 2n .
(20)? (20)°
0

This gives the desired result. 0

Example 2.16.5 Show that

/e—(a+b)r2dx: T , a>0,b>0. (2.16.7)
Va+b

— 0o

We write f(z) = e~ and g(x)= e~ so that F(k)= \/% e’%, and G(k) =

L ¢~ and then use the formula (2.5.19) to obtain

V2b
1 7 K211
—E (A4
e  TlaTv/dk
2\/ab /

1 o 11
—m/e dk, C—4(a+b)

1 \/z_ T
Co2vabV e Va+b

7 f(@)g(—z)dx

2.17 Applications of Fourier Transforms
in Mathematical Statistics
In probability theory and mathematical statistics, the characteristic function

of a random variable is defined by the Fourier transform or by the Fourier-
Stieltjes transform of the distribution function of a random variable. Many
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